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ABSTRACT. We show that for every smooth projective hypersurface X C P n+1 of de- 
gree d and of arbitrary dimension n ^ 2, if X is generic, then there exists a proper 
algebraic subvariety Y S X such that every nonconstant entire holomorphic curve 
/: C — > X has image /(C) which lies in Y, as soon as its degree satisfies the effec- 
tive lower bound O 2™ . 
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1. Introduction 

In 1979, Green and Griffiths |8l conjectured that every projective algebraic variety X 
of general type contains a certain proper algebraic ,raZ?variety Y ^ X inside which all 
nonconstant entire holomorphic curves f:C—>X must necessarily lie. 

A positive answer to this conjecture has been given for surfaces by McQuillan iTTTTl 
under the assumption that the second Segre number c\ — C2 is positive. In the survey arti- 
cle EH (cf. also EOl ). Siu provided a beautiful strategy to establish algebraic degeneracy 
of entire holomorphic curves in generic hypersurfaces X C P n+1 of high degree larger 
than a certain d n 1, and also Kobayashi-hyperbolicity of such X's if d n is even much 
higher. 

Siu's strategy is based on two key steps: 1) the explicit construction, in projective coor- 
dinates, of global holomorphic jet differentials; 2) the deformation of such jet differentials 
by means of slanted vector fields having low pole order. The explicit construction of jet 
differentials can be seen as a replacement of the argument using Riemann-Roch which is 
known to be difficult to realize since it involves a control of the cohomology. The reason 
to perform explicit constructions is also a better access to the base-point set, in order to 
provide hyperbolicity instead of just algebraic degeneracy. Complete up-to-date survey 
considerations may further be found in |[2^ l4l[T2ll5l [T0ll2"5l . 

In this paper, we overcome the difficulty of the Riemann-Roch argument thanks to 
an alternative approach for Siu's first key step based on Demailly's bundle of invariant 
jets [4]. The advantage of this method is also that it usually yields better bounds on 
the degree. Indeed, after performing in Sections @] and [5] below some explicit, delicate 
elimination computations, we finally obtain a lower bound on the degree d n = d{n) as an 
explicit function of n, for generic projective hypersurfaces of arbitrary dimension n ^ 2. 



The final publication is available at www.springerlink.com, with DOI: 10.1007/s00222-010-0232-4 at the 
Inventiones Mathematics. 
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Theorem 1.1. Let X C P n+1 be a smooth projective hypersurface of degree d and of 
arbitrary dimension n ^ 2. If X is generic and if its degree satisfies the effective lower 
bound: 

then there exists a proper algebraic subvariety Y ^ X such that every nonconstant entire 
holomorphic curve f : C — >■ X has image /(C) contained in Y. 

As in 112011211 . we thereby confirm, for generic projective hypersurfaces of high degree, 
the Green-Griffiths-Lang conjecture. Even if our lower bound is far from the one deg X ^ 
n + 3 insuring general type, to our knowledge, Theorem II. H is, in this direction, the first 
n-dimensional result with, moreover, an explicit degree lower bound. In addition, as 
a byproduct of our constructions, the subvarieties absorbing the images of nonconstant 
entire curves vary as a holomorphic family with the generic projective hypersurface. 

Two main ingredients enter our proof: 1) the existence of invariant jet differentials 
vanishing on an ample divisor in projective hypersurfaces of high degree, following (4j|6l; 
and Siu's second key step: 2) the global generation of a sufficiently high twisting of the 
tangent bundle to the so-called manifold of vertical n-jets, which is canonically associated 
to the universal family of projective hypersurfaces, following ||2T1[T3"1 . 

The first ingredient dates back to the seminal work of Bloch (U, revisited by Green- 
Griffiths in HI, by Siu in [19j|22l|21] and by Demailly in 0. Bloch's main philosophical 
idea is that global jet differentials vanishing on an ample divisor provide some algebraic 
differential equations that every entire holomorphic curve f-.C—tX must satisfy. Five 
decades later, Green and Griffiths [8 ] modernized Bloch's concepts and established several 
results — still fundamental nowadays — about the geometry of entire curves. 

Later on, Demailly J4| refined and enlarged the whole theory by defining jet differen- 
tials that are invariant under reparametrization of the source C. Through this geometrically 
adequate, new point of view, one looks only at the conformal class of all entire curves. 
In 1UI71, the first-named author combined Demailly 's approach with Trapani's |[23l alge- 
braic version of the holomorphic Morse inequalities, so as to construct global invariant jet 
differentials in any dimension n ^ 2. The first effective aspect of our proof is to make 
somewhat explicit such a construction. 

Indeed, by following |6H3, we consider a certain intersection product (see (fTOl) and (fT3l 
below), the positivity of which yields — thanks to a suitable application of the holomor- 
phic Morse inequalities — a lower bound for the (asymptotic) dimension of the space 
of global sections of a certain weighted subbundle of Demailly's full bundle E n ^ m T x of 
invariant n-jet differentials. This intersection product lives in the cohomology algebra 
of the n-th projectivized jet bundle over X, a polynomial algebra in n indeterminates 
Mi, U2, ■ ■ ■ , u n equipped with canonical, geometrically significant relations (016]]). The 
ui here are the first Chern classes of the successive (anti)tautological line bundles which 
arise during the projectivization process. The task of reducing the mentioned intersection 
product in terms of the Chern classes of Tx — after eliminating all the Chern classes 
living at each level of Demailly's tower — happens to be of high algebraic complexity, 
because four combinatorics are intertwined there: 1) presence of several relations shared 
by all the Chern classes of the lifted horizontal distributions; 2) Newton expansion of 
large n 2 -powers; 3) differences of various binomial coefficients; 4) emergence of many 
Jacobi-Trudy determinants. 

The second ingredient, viz. the vertical jets, comes from ideas developed for 1-jets 
by Voisin [24] in order to generalize works of Clemens [5] and Ein on the positivity of 
the canonical bundles of subvarieties of generic projective hypersurfaces of high degree. 
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In ETI . Siu showed how the corresponding global generation property for 1-jets devised 
by Voisin generalizes to the bundle of tangents to the space of vertical n-jets. Siu then 
established that one may use the available tangential generators, which are meromorphic 
vector fields with a certain pole order c n ^ 1, so as to produce, by plain differentia- 
tion, many new algebraically independent invariant jet differentials when starting from 
just a single nonzero jet differential. At the end, one obtains in this way sufficiently 
many independent jet differentials, and this then forces entire curves to lie in a positive- 
codimensional sub variety Y ^ X. 

This strategy was realized in details for 2-jets in dimension 2 by Paun [15 ] with pole 
order C2 = 7, and similarly, for 3-jets in dimension 3 by the third-named author in lfl8l 
with C3 = 12. In both works, global generation holds outside a certain exceptional set. 
The general case of ra-jets in dimension n was performed recently by the second-named 
author in iTTBl with c n = n jj" 5n and with a quite similar exceptional set. It then became 
clear, when lfT3l appeared, that Demailly's invariant jets combined with Siu's second key 
step could yield weak algebraic degeneracy (nonexistence of Zariski-dense entire curves) 
in any dimension n ^ 2. But to reach effectivity, it yet remained to perform what the 
present article is aimed at: taming somehow the complicated combinatorics of Demailly's 
tower. Furthermore, at the cost of increasing the pole order up to c' n = n 2 + In, the 
exceptional set is shrunk to be just the set of singular jets ( lfT3l ). and then strong effective 
algebraic degeneracy is gained. This is Theorem ll.il 

These brief words summarize how we combine several ideas, both of conceptual and 
of technical nature which stem from Algebra, from Analysis and from Geometry; deep 
conjectures always confirm the unity of mathematics. 

As the effective lower bound deg X ^ 2 n of the main theorem above is not optimal, 
Sections |6]and|7]of the paper are intended to provide numerically better estimates in small 
dimensions. For surfaces, the best known effective lower bound for the degree is d ^ 18 
(H3), after d ^ 21 (0) and d ^ 36 (HI]). In HI, the third-named author obtained the 
first effective result for weak algebraic degeneracy of entire curves inside threefolds X of 
IP 4 , whenever degX ^ 593. 

Theorem 1.2. Let X C P n+1 be a smooth projective hypersurface of degree d. If X is 
generic, then there exists a proper closed subvariety Y ^ X such that every nonconstant 
entire holomorphic curve f : C — s> X has image /(C) contained in Y 

• for dim X = 3, whenever deg X ^ 593; 

• for dimX = 4, whenever degX ^ 3203; 

• for dimX = 5, whenever degX ^ 35355; 

• for d\m.X = 6, whenever degX ^ 172925. 

The last three effective lower bounds in dimensions 4, 5 and 6 are entirely new. In 
dimension 3, our bound 593 is the same as in fTlfl . Indeed, an inspection of the exceptional 
set in |[T8l shows that the part of the degeneracy locus which may depend on / is in 
fact of codimension 2 (cf. ifTBl ). and therefore is empty, thanks to Clemens' result O 
which excludes elliptic and rational curves. Using C4 = 18 and C5 = 25 instead of 
C4 = 24 and c' 5 = 35, we would have obtained the two lower bounds deg X ^ 2432 
and deg X ^ 25586 which were announced in our first arxiv . org preprint and which 
insured only weak algebraic degeneracy (cf. lfT3l ; using c^ = 33 instead of c' e = 48, the 
bound would be degX ^ 120176). 

For dimensions 5 and 6, our strategy of proof is the same as for Theorem 11.11 except 
that we choose a numerically better weighted subbundle of Demailly's bundle of invariant 
jet differentials, exactly as in Il6l. 
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Quite differently, for dimensions 3 and 4, the construction of nonzero jet differentials is 
based on a complete algebraic description of the full Demailly bundles E njTn T x , n = 3, 4, 
due respectively to the third-named author ([16]) and to the second-named author ( fBlO . 
after Demailly J4] and Demailly-El Goul Q for n = 2. The invariant theory approach 
requires finding the composition series of the E n ^ m T x , but this is understood only in di- 
mensions 2, 3 and 4, because of the proliferation of secondary invariants — a well known 
phenomenon, cf. lfl"4l and the references therein. Then by appropriately summing the Eu- 
ler characteristics of the composing Schur bundles |[T6l . taking account of the numerous 
syzygies shared by a collection of fundamental bi-invariants lfl4"l . one establishes the pos- 
itivity of the Euler characteristics x{En,rnT x ) for n = 3,4, at least asymptotically as m 
goes to infinity. Furthermore, realizing also in dimension 4 the strategy finalized in dimen- 
sion 3 by the third-named author fP71 . we estimate from above the contribution of the even 
cohomology dimensions h 21 (X, E n!m T x ) , thereby gaining a suitable lower bound for the 
dimension of the space h° (X, E n!Tn T x ) of global sections. Such estimates are done by 
means of Demailly's @ generalization of a vanishing theorem due to Bogomolov for the 
top cohomology, and also by means of the algebraic version of the weak holomorphic 
Morse inequalities for the intermediate cohomologies lfT7l . 

Even if the numerical bounds obtained in this way in dimensions 3 and 4 are better 
than the ones we obtained in all dimensions, the extreme intricacy of the algebras of 
invariants by reparametrization (cf. lfT4lO is the main obstacle to run the process in the 
higher dimensions n ^ 5. This was our central motivation to follow the strategy of |6j|7]]. 

Acknowledgments. The first-named author warmly thanks Stefano Trapani for patiently 
listening all the details of the proof of the main theorem. 

2. Preliminaries 

2.1. Jet differentials. We briefly present here useful geometric concepts selected from 
the theory of Green-Griffiths' and Demailly's jets © H (cf. also M El)- Let (X, V) 
be a directed manifold, i.e. a pair consisting of a complex manifold X together with a 
(not necessarily integrable) holomorphic subbundle V C Tx of the tangent bundle to X. 
This category will be very useful later on, when we will consider the situation where X is 
the universal family of projective hypersurfaces of fixed degree and V the relative tangent 
bundle to the family. The bundle J^V is the bundle of fc-jets of germs of holomorphic 
curves / : (C, 0) —¥ X which are tangent to V, i.e., such that f'(t) € Vf(t) f° r a ^ * near 
0, together with the projection map / i-> /(0) onto X. 

Let Gfc be the group of germs of fc-jets of biholomorphisms of (C, 0), that is, the group 
of germs of biholomorphic maps 

t h-> tp(t) = ait + a 2 t 2 H h a k t k , ai € C, aj 6 C, j > 2 

of (<C,0), the composition law being taken modulo terms P of degree j > k. Then Gfc 
admits a natural fiberwise right action on J^V which consists in reparametrizing /c-jets of 
curves by such changes ip of parameters. In lfT3l . one finds the multivariate FaAa di Bruno 
formulae yielding explicit reparametrization for the so-called absolute case V = Tx- 
Moreover the subgroup H ~ C* of homotheties tp(t) = At is a (non-normal) subgroup 
of Gfc and we have a semidirect decomposition Gfc = Gl K H, where Gl is the group of 
/c-jets of biholomorphisms tangent to the identity, i.e. with a\ = 1. The corresponding 
action on /c-jets is described in coordinates by 

(i) A.(/',r,...,/( fc )) = (A/',A 2 r,...,A fc / {fc) ). 
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As in (8], we introduce the Green-Griffiths vector bundle E^^V* —¥ X, the fibers of 

which are complex-valued polynomials Q(f', f", . . . , f^) in the fibers of J k V having 
weighted degree m with respect to the C* action, namely such that: 

Q{\f, A 2 /", . . . , A fc / (fc) ) = X m Q{f, /", /W) , 

for all A € C* and all (/', /", . . . , /(*)) G J k V. Demailly refined this concept. 

Definition 2.1 (1H). The bundle of invariant jet differentials of order k and weighted 
degree m is the subbundle E kj7n V* C E^^V* of polynomial differential operators 

Q(f, f", . . . , /^) which are invariant under arbitrary changes of parametrization, i.e. 
which, for every ip <G G k , satisfy: 

Q{(f o (f o ^)", ...,(/ o ^)«) = v'(or Q(r, r, . . . , . 

Alternatively, E k ^ m V* = (E^V*) k is the set of invariants of E^V* under the action 
of G' k . 

We now define a filtration on E^^V*. A coordinate change / (->• \I/ o / transforms 

every monomial {f(*') e = (f'Y 1 (f"Y 2 • • • (f^) £k having, for any s with 1 ^ s ^ k, 
the partial weighted degrees \£\ s := \£\\ + 2|^| + • • • + s\£ s \, into a new polynomial 

((* ° /) (,) ) in (/'» • • • ' which has the 

same partial weighted degree of order s 
when i s+ \ = ■ ■ ■ = £ k = 0, and a larger or equal partial degree of order s otherwise (use 
the chain rule). Hence, for each s = 1, . . . , k, we get a well defined decreasing filtration 
F!<mE?ZV* as follows: 

rpp i -pGG y*\ _ { Q(f, f", ■ • • , f {k) ) e involving! 
sl fc ' mVj "\ only monomials (/W/ with |£| s /' VP ^ ^ 

The graded terms Gr^__ 1 (-E^V) associated with the (k - l)-filtration F^^E^V*) 
are the homogeneous polynomials Q(f , f", . . . , /^) all the monomials (f^) e of which 
have partial weighted degree \£\ k -i = V\ hence, their degree £ k in is such that m—p = 
k£ k and Gr|_ 1 (S^F*) = unless k\m — p. Looking at the transition automorphisms 

of the graded bundle induced by the coordinate change / i->- \I/ o /, it turns out that 
transforms as an element of V C Tx and, by means of a simple computation, one finds 

Gr'rf fc {E$°V*) = E^ l m _ MkV * ® S ^V*. 

Combining all nitrations F' together, we find inductively a filtration F* on Ejf^V* the 
graded terms of which are 

Gr e (E^gV*) = S h V* ® S e W* ® ■ ■ ■ ® S e «V* , £en k , \£\ k =m. 

Moreover (H), invariant jet differentials enjoy the natural induced filtration: 

F*(E k , m V*) = E kjm V*nFP(E%gV*), 

the associated graded bundle being, if we employ (•) <G '= to denote G' fc -invariance: 

Gi'(E k<m V*) = S £l V* ® S i2 V* ® ■ ■ ■ ® S £k V* ) . 
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2.2. Projectivized A>jet bundles. Next, we recall briefly Demailly's construction (4J 
of the tower of projectivized bundles providing a (relative) smooth compactification of 
J, reg y/Gfe, where J k eg V is the bundle of regular k-jets tangent to V, that is, /c-jets such 
that /'(0) + 0. 

Let (X, V) be a directed manifold, with dim X = n and rank V = r. With (X, V), we 
associate another directed manifold (X, V) where X = P(V) is the projectivized bundle 
of lines of V, tt : X — > X is the natural projection and V is the subbundle of defined 
fiberwise as 

V(x ,[v ]) = {£ e T x,(xo,[v ]) k„£ e <C ■ «o}, 

for any xo £ X and vq G Ty^o \ {0}- We also have a "lifting" operator which assigns to 
a germ of holomorphic curve / : (C, 0) — > X tangent to Fa germ of holomorphic curve 
/ : (C, 0) -> X tangent to V in such a way that f(t) = (f(t), [/'(t)]). 

To construct the projectivized /c-jet bundle we simply set inductively (Xq,Vq) = 
(X, V) and (X k , V k ) = (X k -i,Vk-x). Clearly rank V k = r and dimX fc = n + k(r- 1). 
Of course, we have for each k > a tautological line bundle Ox fc (— 1) — > X k and a 
natural projection 7Tfc: Xfe — > X k ^\. We call Tij :k the composition of the projections 
iTj+i o • • • o 7Tfc, so that the total projection is given by TTQ :k : X k — s> X. We have, for each 
k > 0, two short exact sequences 

(2) -> T Xk /x k _ 1 ^V k ^ Xfc (-l) -> 0, 



(3) -4 Xfc ->> 7r^ fc _i ® Xfe (1) -4 T Xk / Xk _ i -4 0. 

Here, we also have an inductively defined /c-lifting for germs of holomorphic curves such 
that /[ fc ] : (C, 0) -4 X fc is obtained as f [k] = 

Theorem 2.1 (HI). Suppose that rank 1/^2. quotient J* k g V / G k has the structure of 
a locally trivial bundle over X, and there is a holomorphic embedding J k g V /G k ^->- X k 
over X, which identifies J k g V fG k with X r £ g , that is the set of points in X k of the form 
f[k] (0) f or some non singular k-jet f. In other words X k is a relative compactification of 
J k ^ g V/G k over X. Moreover, one has the direct image formula: 

Kfc)*0 Xfc (m) = 0(E k>m V*). 

Next, we are in position to recall the fundamental application of jet differentials to 
Kobayashi-hyperbolicity and to Green-Griffiths algebraic degeneracy. 

Theorem 2.2 (O |22j SI). Assume that there exist integers k,m > and an ample line 
bundle A — > X such that 

H°(X k , Xk (m) ® <,k A ~ l ) - H °( X > E k,mV* ® A' 1 ) 

has non zero sections o~i, . . . , crjv and let Z C X k be the base locus of these sections. Then 
every entire holomorphic curve f: C — > X tangent to V necessarily satisfies f\ k \{G) C Z. 
In other words, for every global G k -invariant differential equation P vanishing on an 
ample divisor, every entire holomorphic curve f must satisfy the algebraic differential 
equation P(j k f(t)) = 0. Furthermore, the same result also holds true for the bundle 
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2.3. Existence of invariant jet differentials. Now, we recall some results obtained by 
the first-named author in [7], concerning the existence of invariant jet differentials on 
projective hypersurfaces which generalized to all dimensions n previous works by De- 
mailly [|4l and of the third-named author fTTl . 

Denote by c,(E) the total Chern class of a vector bundle E. The two short exact 
sequences © and (O give, for each k > 0, the following two formulae: 

c.(V k ) = c.{T Xk/Xk _ 1 )c.{0 Xk (-l)) 

c.(n* k V k - 1 ®Q Xk (l))=c.(T Xk/Xk _ 1 ), 

so that by a plain substitution: 

(4) c(V k ) = c.{0 Xk (-l)) cfaFfc-i ® Ox k (l)). 

Let us call Uj = c\ (0 Xj (l)) and c\ j] = q(Vj). With these notations, (0]) becomes: 

(5) ^=E[(rs)-(^M- S -<c [ s- 1] , ISKr. 

Since Xj is the projectivized bundle of line of Vj-i, we also have the polynomial relations 

(6) u] + 7r*c [ t 1] ■ vTf 1 + ■■■ + TTjcjT/ 1 • Uj + tt*^'- 1 ] =0, 1 < j < k. 

After all, the cohomology ring of X k is defined in terms of generators and relations as 
the polynomial algebra H'(X)[ui, . . . , u k ] with the relations © in which, using induc- 
tively ([5]), one may express in advance all the as certain polynomials with integral 
coefficients in the variables ui,...,Uj and c\(V), . . . , q(V). In particular, for the first 
Chern class of V k , a simple explicit formula is available: 

k 

(7) cf 1 =7ro, fc ci(F) + (r-l)X;< fc «.. 

s=l 

Also, it is classically known that the Chern classes cj(X) of a smooth projective hy- 
persurface X C P n+1 are polynomials in d := degX and the hyperplane class h := 

ci(0 P n+i(l)), v/z. for 1 ^ j < n: 

(8) c,-(x) = Cj -(t x ) = w j2 (-i)' ( n f) 

i=0 

Now, let X C P n+1 be a smooth projective hypersurface of degree deg X = d and 
consider, for all what follows in the sequel, the absolute case V = T x with jet order 
k = n equal to the dimension. Given any a = (a±, . . . , a n ) E Z n , we define (cf. EHH) 
the following line bundle Xn (a) on X n : 

Ox n (a) = 7r* >n O Xl (ai) ® vr* >n Ox 2 (a 2 ) ® ••• ® Xn (a n )- 

Using the algebraic version — first appeared in Trapani's article [23] — of Demailly's 
holomorphic Morse inequalities, the first-named author showed in [7] that, in order 
to check the bigness of Xn (l), it suffices to show the positivity, for some a = 
(ai, . . . , a n ) € N n lying arbitrarily in the cone defined by: 

(9) ai ^ 3a 2 , . . . , a n ~2 ^ 3a n _i and a n _i ^ 2a n ^ 1, 
of the following intersection product: 

F N -NF N ~ l -G, 
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where N = dimX n = n 2 , and where the two bundles F := Xn (a) ® vtq n 0x(2|a|) and 
G := 7r^ n Ox(2|a|) are both globally nef on X n (Q, Proposition 2); here, Qx(l) is the 
hyperplane bundle over X and we abbreviate jaj := a\ + • • • + a n . In other words, we 
express Xn (a) as a "difference" F <g> G~ l between two nef line bundles over X n : 

Xn (a) = (0 Xn (a) ® 7r$, n Gx(2|a|)) g, ( 7r * n O x (2|a|))- 1 . 

Thus in sum, we have to find some a € Z n lying in the cone © for which the concerned 
intersection product written in length: 

(1Q) (OxJa)0vr* in O x (2|a|)) n2 - 

- n 2 (0 Xn (a) ® 7T* in O x (2|a|)) n2 - 1 • vr * in O x (2|a|) 

is positive. This was done by the first-named author, and an application of the mentioned 
Morse inequalities yielded the following. 

Theorem 2.3 (d). Let X C P n+1 by a smooth complex hypersurface of degree degX = 
d and fix any ample line bundle A — » X. Then, for jet order k = n equal to the dimension, 
there exists a positive integer d n such that the two isomorphic spaces of sections: 

H\X n ,0 Xn (m)®<,n^ 1 )-H\X,E n ^T x ^A~ l ) £ 0, 

are nonzero, whenever d ^ d n provided that m is large enough. 

It is also proved in [6j that for any jet order k < n smaller than the dimension, no 
nonzero sections, though, are available: H°(Xf., Ox fc (m) <8> vTq k A~ l ) = 0; in fact, this 
vanishing property is used as a technical tool in the proof of Theorem 12. 3 1 

In our applications, it will be crucial to be able to control in a more precise way the 
order of vanishing of these differential operators along the ample divisor. Thus, we shall 
need here a slightly different theorem, inspired from l2Tl[T5l[T8l . Recall at first that for 
X a smooth projective hypersurface of degree d in P n+1 , the canonical bundle has the 
following expression in terms of the hyperplane bundle: 

K x ~ O x (d-n-2), 

whence it is ample as soon as d ^ n + 3. 

Theorem 2.4. Let X C P n+1 by a smooth complex hypersurface of degree degX = d. 
Then, for all positive rational numbers 5 small enough, there exists a positive integer d n 
such that the space of twisted jet differentials: 

H (X n ,O x Jm)®nl n Kx 5m ) ^ H° (X, E n , m T x ® K x Sm ) / 0, 

is nonzero, whenever d ^ d Uj s provided again that m is large enough and that 5m is an 
integer. 

Observe that all nonzero sections a G H°(X, E n , m T x <g> K x Sm ) then have vanishing 
order at least equal to 5m(d — n — 2), when viewed as sections of E n ^ m T\. 

Proof of Theorem \2A\ For each weight a € N n satisfying ©, we first of all express 
Xn (a) Cg) 7Tq n K x 5 ' a ' as the following difference of two nef line bundles: 

(0 Xn (a) ® 7T * jn Ox(2|a|)) ® (7r * n O x (2|a|) ® ir^K*/)- 1 . 
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In order to apply the algebraic holomorphic Morse inequalities to obtain the existence of 
sections for high powers, we are thus led to compute the following intersection product: 



and to decide whether it is positive. After reducing it in terms of the Chern classes of X, 
and then in terms of d = deg X using ©, this intersection product becomes a polyno- 
mial — difficult to compute explicitly, but effective aspects will start in Section 4 — in 
d of degree less than or equal to n + 1, having coefficients which are polynomials in 
(a, 5) of bidegree (n 2 , 1), homogeneous in a or identically zero. Notice that for S = 0, 
the intersection product identifies with ([TOk we claim that there exists a weight a' such 
that (TTOb is positive. Thus by continuity, with the same choice of weight, for all S > 
small enough, the leading coefficient still remains positive. So the polynomial in question 
again takes only positive values when d ^ d n , for some (noneffective) d n . Holomorphic 
Morse inequalities then insure the existence of nonzero sections. 

Coming back to our claim, the argument is as follow. First of all, the three inter- 
section products: Ojf„(a)" and (O x „(a) <8> 7r^ n O x (2|a|)) n , once evaluated with 
respect to the degree d of the hypersurface, are all polynomials in the variable d with 
coefficients in Z[ai, . . . , a n ] of degree at most n + 1 and the coefficients of d n+1 of the 
three expressions are the same (cf. Proposition 3 in Q). Next, by Proposition 2 in Q, 
Ox n (a) <S> 7i"o n Ox (2|a|) is nef if a satisfies ©; therefore the coefficient of d n+l of its top 
self-intersection must be non-negative. Thus, by Lemma 1 in Q, in order to find a weight 
a' in the cone denned by © as in the claim, it suffices to show that this coefficient is 
not an identically zero polynomial in Z[ai, . . . , a n ]. So, we have to prove that it contains 
at least one non-zero monomial: but by Lemma 3 in (7] , the coefficient of its monomial 
a™ ■ 0% ■ ■ ■ a™ is (n 2 )\/(n\) n and we are done (cf. also Subsection 4.4). □ 

2.4. Global generation of the tangent bundle to the variety of vertical jets. We now 

briefly present the second ingredient, as said in the Introduction. Let X C P n+1 x P N S 
be the universal family of projective n-dimensional hypersurfaces of degree d in p n+1 ; 
its parameter space is the projectivization P(//°(P n+1 , 0(d))) = P N S, where N% = 
( n+ d +1 ) ~ ^ e nave two canonical projections: 



Consider the relative tangent bundle V C T% with respect to the second projection V := 
ker(pr 2 )*, and form the corresponding directed manifold (X, V). It is clear that V is 
integrable and that any entire holomorphic curve from C to X tangent to V has its image 
entirely contained in some fiber pr^ 1 (s) = X s , s € F N S . 

Now, let p : J n V — > X be the bundle of n-jets of germs of holomorphic curves in X 
tangent to V, the so-called vertical jets, and consider the subbundle Jn g V of regular n- 
jets of maps / : (C, 0) -)• X tangent to V such that /'(0) ^ 0. 

Theorem 2.5 ( H13II ). The twisted tangent bundle to vertical n-jets: 



(11) 



(Ox„(a)®7r* in Ox(2|a|)) n - 

- n 2 (O x Ja) vr* in Ox(2|a|)) n2 - 1 • {^ n O x (2\ a \) ® vr*^* 1 ) 



X 




T JnV <8> pVi Opn+i (n 2 + 2n) ® p*pr^ O p ^ (1) 
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is generated over J n V by its global holomorphic sections. Moreover, one may choose 
such global generating vector fields to be invariant with respect to the reparametrization 
action ofG n on J n V. 

This means that we have enough independent, global, invariant vector fields having 
meromorphic coefficients over J n V in order to linearly generate the tangent space ?j n vj™ 
at every arbitrary fixed regular jet j n £ J„ V. The poles of these vector fields occur only 
in the base variables of X, but not in the vertical jet variables of positive differentiation or- 
der. Most importantly, the maximal pole order here is ^ n 2 + 2n, hence it is compensated 
by the first twisting (•) ® p*p*l Opn+i (n 2 + 2n). 

3. Algebraic degeneracy of entire curves 

Now, we are fully in position to establish the noneffective version of Theorem ll.il The 
proof (cf. the Introduction) incorporates two main ingredients: 1) the existence, already 
established by Theorem 12.41 of at least one nonzero global invariant jet differential van- 
ishing on an ample divisor; 2) Theorem 12.51 just above to produce sufficiently many new 
algebraically independent jet differentials. 

Theorem 3.1. Let X C P n+1 be a smooth projective hypersurface of arbitrary dimension 
n ^ 2. Then there exists a positive integer d n such that whenever deg X ^ d n and X is 
generic, there exists a proper algebraic subvariety Y ^ X such that every nonconstant 
entire holomorphic curve f : C — > X has image /(C) contained in Y. 

Proof. As above, consider the universal projective hypersurface P n+1 <+- - X —h F N S 
of degree d in P n+1 . Observe that X s = pr^ 1 (s) is a smooth projective hypersurface of 
pn+i f or g ener i c s £ and that V = ker(pr 2 )* restricted to X s coincides with the 
tangent bundle to X s . We infer therefore that: 

H°(X S , E 1hm V* ®prlO pn+ i(-6m(d-n-2))\ x J ~H°(X S , E n , m Tk. ® K x s m )- 

Thanks to Theorem 12.41 the latter space of sections is nonzero, for small rational 5 > 0, 
for d ^ d n>< 5 and for m large enough, independently of s. Fix any sq £ F N S and pick a 
nonzero jet differential Pq £ H° (X So , . m Tj^ 0K^ 5m ) . In order to employ the vector 
fields of Theorem 12.51 we must at first extend Pq as a holomorphic family of nonzero jet 
differentials. Thus, we invoke the following classical extension result. 

Theorem 3.2 ([9], p. 288). Let r: V — > S be aflat holomorphic family of compact 
complex spaces and let L — > V be a holomorphic vector bundle. Then there ex- 
ists a proper subvariety Z C S such that for each sq £ S \ Z, the restriction map 
H°(t~ 1 (U So ),L) — > -ff°(r _1 (so), £| r - i( So )) is onto, for some Zariski-dense open set 
U SQ C 5 containing sq. 

We remark that this theorem implies that the weighted degree of the jet differential 
constructed above may be chosen to be independent of the hypersurface X s of degree d. 
Now, we apply this statement r = pr 2 , to y = X, to S = F N S, to L = E n>m V* <g) 
pr^0p7!+i ( — 5m(d — n — 2)) and we similarly denote by Z C F N d the embarrassing 
proper algebraic subvariety. The genericity of X assumed in the two theorems 11.11 and [3TT1 
will just consist in requiring that so Z (notice passim that we do not have a constructive 
access to Z) and of course also, that s does not belong to the set for which X s is singular. 

We therefore obtain a holomorphic family of jet differentials: 

P = {P\ s £ H°(X S , E n , m T* Xs ® K x 5 s m ) } 
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parametrized by s with P\ So = Pq ^ and vanishing on K x ; for our purposes, it will 
suffice that s varies in some neighborhood of sq. 

Now, take a nonconstant entire holomorphic curve / : C — s> X tangent to V. Since the 
distribution V has integral manifolds pr 2 " 1 (s) = X s , f maps C into some X SQ , for some 
so G • Of course, we assume that so ^ an d that X So is non-singular. Consider now 
the zero-set locus 

Y S0 := {xeX So :P\ So (x)=0}, 

where P\ SQ ^ vanishes as a section of the vector bundle E ntm T Xs <g) K x Sm . Then Y So 
is a proper algebraic subvariety of X so . We then claim that 

/(C) C Y S0 , 

which will complete the proof of the theorem. (It will even come out that we obtain 
strong algebraic degeneracy of entire curves / : C — > X s inside a Y s ^ X s defined by 
Y s = {x E X : P\ s (x) = 0} and parametrized by s near so-) 

Reasoning by contradiction, suppose that there exists to € C with /(to) Y SQ . Con- 
sider the n-jet map j n f : C — > J n V induced by /. If j n f(C) would be entirely contained in 

J n smg V = J n V \ Jn g V, then / would be constant, since singular n-jets satisfy f'(t) = 0. 
So necessarily j n f(C) <f_ J n V smg , namely /' ^ 0. Then by shifting a bit to if necessary, 
we can assume that we in addition have /'(to) 7^ 0, viz- j n f{to) € J« g V. 

Theorem IZ21 ensures that P\ So (j n f(t)) = 0. Denote U := F N S \ Z. 

We may now view the family P = {P\ s } as being a holomorphic map 

P: ^Ipr-^U) — > ^*P^Op"+i ( - Sm(d -n-2)) | pr -i ([7) 

which is polynomial of weighted degree m in the jet variables. Let V be any of the global 
invariant holomorphic vector fields on J n V with values in p*pr*Op»+i (n 2 + 2n) that were 
provided by Theorem l2.51 Then we observe that the Lie derivative LyP together with the 
natural duality pairing 

Opn + l (p) X Ojpn + 1 (~q) —?■ Opn + 1 (p ~ (/) (p, q > 1) 

provides a new holomorphic map (notice the shift by n 2 + 2n): 

LyP: L n V| pr _i ([/) — > p*yv[Q Vn +i( - 6m(d - n - 2) + n 2 + 2n)| i (f/) , 

again polynomial of weighted degree m in the jet variables, thus a new parameterized 
family of invariant jet differentials. In particular, the restriction LvP\ SfJ of LyP to {s = 
so} yields a nonzero global holomorphic section in 

H°(X S0 , E n , m T* Xso ® K£ 5 o m ® XaQ (n 2 + 2n)) = 

= #°(X S0 , S n , m Tl so Xso (-5m((i - n - 2) + n 2 + 2n)), 

which is a global invariant jet differential on X SQ vanishing on an ample divisor provided 
that —5m(d — n — 2) + n 2 + 2n still remains negative; therefore, if we ensure such a 
negativity (see below), Theorem 12.21 shows that [LyP| S0 ] (j' n /(t)) = 0. As a result, the 
n-jet of / now satisfies two global algebraic differential equations: 

p 80 {j n m) = [L V p\ so ](rf(t))=o. 



12 



SIMONE DIVERIO, JOEL MERKER, AND ERWAN ROUSSEAU 




Fig. 1: Producing from P a new jet differential LyP having distinct zero locus in J n V 

Heuristically (cf. the figure), if the fiber J n ^f(t ) would be, say, 2-dimensional, and if 
the intersection of {P so = 0} with {XyP| S0 = 0}, viewed in the fiber J n ^f(t )^ would be 
a point distinct from the original j n f(to), we would get the sought contradiction. Now we 
realize this idea {cf. ll2Tl [T5l IT8TI ') by producing enough new jet differential divisors whose 
intersection becomes empty. 

Indeed, with t such that f(t ) Y so and j n f(t Q ) G Jn g V, and with Wu Vj denoting 
some global meromorphic vector fields in 

H°(j n V, T JnV ® p*pr^O P „ +1 (n 2 + 2n) ® V*W%%n 2 (1)) , 

that are supplied by Theorem 12. 5 1 we claim that the following two evidently contradictory 
conditions can be satisfied, and this will achieve the proof. 

(i) For every p ^ m and for arbitrary such fields Wi,...,W p , the restriction 
Lw • • • Lyy 1 P\ yields a nonzero global holomorphic section in 

" I So 

H°(X S0 , E n , rn T* Xso ® Xso (Sm(d -n- 2) + p(n 2 + 2n))) 

with the property that [Lw p • • • Lw 1 P] («o, j n f(t)) = 0. 

(ii) there exist some p ^ m and some invariant fields V\ , . . . , V p such that 

[L Vp ---L Vl P](s Q , j n f(t )) ^0. 

The first condition (i) will automatically be ensured by Theorem l2.2l provided the re- 
sulting jet differential still vanishes on an ample divisor, i.e. provided that 

-5m(d - n - 2) + p(r? + 2n) < 

is still negative. But since p will be ^ m, it suffices that —5m(d—n—2)+m{n 2 +2n) < 0, 
and then after erasing m, that: 

(12) d>^±^+n + 2. 

To get (i), we first fix a rational 5 > so that Theorem 12.41 gives a nonzero jet differential 
for any d ^ <i n < 5, we increase (if necessary) this lower bound by taking account of (fT2l) . 
we construct the holomorphic family P\ s , and (i) holds. 
To establish (ii), we choose local coordinates: 

(s, z,z',..., z {n) ) € C N * x C" x C" x • • • x C n 

on J n V near (so, j n f(to)), where z € C n provides some local coordinates on X s for 
any fixed s near sq, and where (V, . . . , z^) are the jet coordinates associated with z. 
We also choose a local trivialization of the line bundle K^ Sm . Then our holomorphic 
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family of jet differentials P\ s G H°(X S , E n , m T^ [g <g> K^ m ) writes locally as a weighted 
m-homogeneous jet-polynomial: 

\-n\i n \=m 

where i\,...,i n G N n and where the qh,...,i n (s, z) are holomorphic near (so>/(to))- 
Locally, the proper subvariety y so C X is represented as the common zero-locus: 

Y so = {z G X so : g» 1) ...,t„(so,^) = 0, Vii,,, .,i n }. 

By our assumption that f(to) Y^ , there exist i§,...,£^ G N n such that 
i° ( s 0) /(to)) 7^ 0. If we make the translational change of jet coordinates 
~z' := z' — f'(to), .. ., z^") := — /^(to), our jet-polynomial transfers to: 

|*1 |H \-n\i n \^m 

(notice m") with new coefficients ^ in (s, z) that depend linearly upon the old ones 
and polynomially upon (/'(to), . . . , f^ n \to)). Again, there exist i±, . . . , i n G N n such 
that q^> |o(so,/(*o)) 7^ 0, because otherwise the two jet-polynomials P\ so f( to ) an d 
P| sq ^ , would be both identically zero. 

Since j n /(to) G Jn S V, by the property 12.51 of generation by global sections, we get 
that for every k with 1 ^ k ^ n and for every i with 1 i ^ n, there exists an invariant 
vector field with 

rk\ _ a 



1 I («o, J /(*<))) 3z {k) 



(s ,Tf(to)) 



where we have denoted the translated central jet by j™/ (to) := (/(to)j 0, . . . , 0) . 

To achieve the proof of (ii), we may suppose that for every integer p with p < 

.— , , .— | , , .— i , |-0| , r,|-0| , 1-0, , r 

ril + 1*2 1 + ' ' ' + Vnb whence p < ^-J + 2 \i 2 \ H \-n \i n \ = m, and for every p invariant 

vector fields W±, . . . , W p , one has \W\ ■ ■ ■ W p P] (so, j"/(to)) = ; since if any such an 
expression is already ^ 0, (ii) would be got gratuitously. Thanks to the global genera- 
tion Theorem 2.5, this vanishing property then holds for any vector fields Wi involving 
all the possible differentiations Jj, Jj, -j^=f, . . . , ^ , Then under this assumption, the 

contribution of the remainder differentiations present in V, k after dl&Z; I , -=».,. NN will 

_ I («0 J /(*())) 

vanish at the point (so,j /(to)) when performing any multi-derivation of length equal to 

\h\ H 1" hence if we write in length l° k = (lj! i, ... , n ) G N n all the multiindices 

present in the specific coefficient g^o , it follows that: 

^ ••■KoP]( so ,r/(to)) = 

z^T) -zjrr ^=§) tAtP ( s o, /(to),0, . . . ,0) 

= V ! ---Vl ! *l,n ! ---«l,l ! 3° (SO, /(to)) 7^0, 

which is nonzero. Thus (ii) holds and the proof of Theorem B.ll is complete. Theorem l3.ll 
being not effective regarding the condition d ^ d n , the next two Sections @] and [5] are 
devoted to the proof of the effective main Theorem ll.il □ 
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4. Effectiveness of the degree lower bound 

It is known (cf. H9l|4l|25j|2Tl[T6l|6j[14l) that reaching an explicit lower bound degree 
deg X ^ d n both for Green-Griffiths algebraic degeneracy and for Kobayashi hyperbol- 
icity (in nonoptimal degree) still remained an open question in arbitrary dimension n, due 
to the existence of substantial algebraic obstacles. In order to render somewhat explicit 
the lower bound d n of Theorem 13. II one has to expand the ?i 2 -powered intersection prod- 
uct (fTTT) and then to reduce it as an explicit polynomial P at s{d), as was foreseen in the 
proof of Theorem 12.41 To this aim, one should descend Demailly's tower step by step, 
each time using the two relations © and ©. As a matter of fact, one must perform some 
numerous, explicit eliminations and substitutions and thereby tame the exponential growth 
of computations. At several places, we shall leave aside optimality of maj orations in order 
to reach the neat announced lower bound 2 n . 

4.1. Reduction of the basic intersection product. We remind from Theorem 12.41 that, 
in order to produce a global invariant jet differential with controlled vanishing order on 
hypersurfaces X whose degree d ^ d n would be bounded from below by an effectively 
known function d n = d(n) of n, we should ensure in an effective way the positivity of the 
intersection product: 

(Ox„(a)®7r * in Ox(2|a|)) n2 - 

-n 2 (OxJa)®^,nOx(2|a|)) n2 - 1 -(^, n Ox(2|a|)®7r V^J a| ), 

for a certain n-tuple of integers a = a(n) G N n belonging to the cone © (with k = n) 
which would depend effectively upon n, and for a certain rational number 5 = 5{n) > 
which would also depend effectively upon n. 

As in Q, denote ui = ci(0jsq(1)) for t = 1, . . . ,n, denote cu = Ck{Tx) for k = 
1, . . . , n, and h = ci(Ox(l))- With these standard notations, the intersection product we 
have to evaluate becomes: 

2 

(13) Us := (a\ui -\ h a n u n + 2\a\h) n - 

— n 2 {a\Ui + • • • + a n u n + 2|a|/i) n 1 • (2|a|/i — <5|a|ci); 

here and from now on, admitting a slight abuse of notation which will greatly facilitate the 
reading of formal computations, we systematically omit every pull-back symbol tt* k (»). 
After elimination and reduction using the relations © and © (see below), our intersection 
product gives in principle a polynomial (difficult to compute, see the end of the paper) of 
degree ^ n+1 with respect to d = deg X, which is affine in 5, and all of which coefficients 
are homogeneous polynomials in a of degree n 2 . Thus, let us call it: 

n+l n+1 

p*M = p aW + s p'M = Pk,*d k + s ]T P ' k>a d k . 

k=0 k=0 

Now, suppose in advance that we have an effective control, through explicit inequalities, 
of all the coefficients p^. a 6 Z and p' k € Z of both P a and P a , and more precisely, that 
we already know inequalities of the type: 

|Pfe,a| ^ Efc (fc = 0,...,n), Pn+l,a ^ Gn+1> |Pfc, a | ^ E'k (k = 0,...,n,n + l), 

with the Efc € N, with G n+ i G N \ {0} and with the Ei G N all depending upon n only. 
According to the proof of Theorem 12.41 a good choice of weight a indeed makes p n +i, a 
positive; we will see below that p' t+1 a is then necessarily negative. 
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If we now set 5 := \ E ? +1 so that 6 also depends a posteriori explicitly upon n, the 



n + 1 



leading d n+1 -coefficient of P aj< 5 becomes positive and bounded from below: 

Pn+l,a + 8 Pn+l,a = Pn+l,a ~ & |Pn+l,a| ^ G„+i — \ E^ +1 = ~ G n +i. 



-n+1 



The largest real root of a polynomial a n+ i d n+1 + a n d n + • • • + ao having integer co- 
efficients and positive leading coefficient a n+ i ^ 1 may be checked to be less than 

1 + (a n + • • • + ao)/ a n +i ; instead of the finer bound 2 

(iITTt) " ^ we use 

this easier-to-write-down majoration because at the end of Section 4, this will make no 
difference in reaching the bound deg X ^ 2 n ° of Theorem ll.il Applied to our situation: 

Lemma 4.1. If one chooses 5 := \ E " +1 , then the intersection product Ylk=o (Pk,a + 

ri+ 1 

5 p' k a ) d k has positive leading coefficient p n +i, a + 8 Pn+i a ^ \ ^n+i and has other 
coefficients enjoying the majorations: 

PM + ^p'm ^E fc + i^E' fc (fc = o,...,n), 

n + 1 

therefore it takes only positive values for all degrees 

d > 1 + (E n + ■ • ■ + E + |§*i {E; + • ■ • + E' }) l\ G n+1 =: dl a 



Thus, this cZ* will be effectively known in terms of n when E&, G n+ \, E' k will be so. In 
order to have not only the existence of global invariant jet differentials with controlled van- 
ishing order, but also algebraic degeneracy, we have also to take account of condition (fT2l ). 
and this condition now reads: 

d 1 + n + 2 + 2 (n 2 + 2n) |*±1 =: d^. 

In conclusion, we would obtain the effective estimate of Theorem 11.11 provided we com- 
pute the bounds E&, G n +i, El in terms of n and provided we establish that: 

(14) 2 nS > max {4, 4} = : 

4.2. Expanding the intersection product. By expanding the re 2 - and the (re 2 — 1)- 

powers, the intersection product lis in (PT3T ) writes as a certain sum, with coefficients being 
polynomials in Z [ai, . . . , a n , S\ , of monomials in the present Chern classes that are of the 
general form: 

hju^ ■■■ul or rfctuf 
where Z + i\ H h i n = n 2 or Z + 1 + ji H h j n = n 2 . 

Lemma 4.2 ([4 , 6]). A/ifer several elimination computations which take account of the re- 
lations (fS) ant/ ©, any such monomial reduces to a certain polynomial in Z \fi : c\ , . . . , c n j 
which is homogeneous of degree n = dim X, if h is assigned the weight 1 and each 
receives the weight k. Furthermore, after a last substitution by means of ([8]) which uses 
h n = J x h n = d = deg X, the polynomial in question becomes a plain polynomial in 
7L\d\ of degree ^ n + 1. □ 

We illustrate with h l u % ^ ■ ■ ■ u^Z\u % ^ three fundamental processes of reduction that will 
be intensively used. Recall that any sj<Zmionomial h l u^ ■ ■ ■ u e e = tVq g(h )^*£(u l i) • • • u e l 
denotes a differential form living and that dim = n + £{n — 1). Such a form is of 
bidegree (p,p) where p = I + i\ + ■ ■ ■ + We shall allow the (slight) abuse of language 
to say that p itself is the degree of a (p, p)-form. 



16 



SIMONE DIVERIO, JOEL MERKER, AND ERWAN ROUSSEAU 



At first, if i n ^ n—2, then + - • -+i n _i ^ n 2 — n+2 = 1+dimc X n -\, whence the 
(sub)form h l uf ■ ■ ■ u™Z\ which lives on X n -\ annihilates, as then does h l uf • • • u™z\u % £ 
too. We call this (straightforward) first kind of reduction process: 

"vanishing for degree-form reasons", 

and we symbolically point out the annihilating subform by underlining it with a small 
circle appended, viz. : 

h l u^ ■ ■ ■ ifcj <" = when i n < n - 2. 

This will greatly improve readability of elimination computations below. 

Secondly, in the case where i n = n — 1, using an appropriate version of the Fubini 
theorem and taking account of the fact that J fib = Jp™-i u n~ 1 = 1> where all the 

fibers of vr n _i in : X n -»• X n -i are ~ ¥ n ~ l {C) (EHHDEillZl), we may simplify as follows 
our monomial: 

h l U? ■ ■ ■ tfcjX" 1 ; = M ■ ■ ■ <-X ■ 1 = M ■ ■ ■ ■ 
We shall call this second kind of reduction process: 

"fiber-integration". 

The third process of course consists in substituting the two relations (f5]) and ((6]) as many 
times as necessary. With r = n and without any vr* fc («), they now read: 

(15) cf=±X jJ _ k .ct 1] (n,y- k , 

k=0 

where 1 ^ j, I ^ n, with the conventions Cq = 1 and cy 5 = Cj, where we set 

\ . (n—k\ _ ( n—k \ (n—k)\ (re— fc)! 

A jj-k ■— \j-k) \j~k-l) ~ (j-k)\{n-j)\ (i-fc-l)!(n-j+l)!' 

and also, with upper indices of U£ denoting exponents: 

(16) «? = -cf- 11 u-- 1 - c [ t 1] -r 2 — <£? «/ - ct l] . 

Estimating the coefficient of d n+1 . Our first main task is to reach a lower bound G n +i — 
5 E' n+ i for the coefficient of d n+l in lis, and this cannot be straightforward, because there 
are very numerous monomials in the expansion of In a first reading, one might jump 
directly to Subsection 14.41 just after Corollary 14. 1 1 Here is an initial observation. 

Lemma 4.3 (Q). Assume I + + i n = n 2 or I + 1 + j\ H + j n = n 2 . Then as 

soon as I ^ 1, one has: 

= coeff>+i [h l uf ■ ■ -u 1 ™] and = coeff d «+i [h l c\v^ ■ ■ ■ u^] . 

Proof. Indeed, after reduction of either n-monomial in terms of the Chern classes Cfc of 
the base, one obtains a sum with integer coefficients of terms of the form: 

h l c^c X ^---ct 

with I + Ai + 2A2 + • • • + n\ n = n. But then if we replace the Chern classes by their 
expressions ([8]) in terms of h and of the degree, we get: 

coefl>+i [h l c Xl c X2 ■ ■ • <£*] = coeff d „+i [(-l) A i+-+ A ™ h n ■ d Xl+X2+ - +x " + l.o.t] 

= coeff d n+i [(-l) A i+-+ A « d ■ d Xl+X2+ - +Xn + l.o.t] 

= 0, 
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since 1 + Ai + A2 + • • • + A n < / + Ai + 2A2 + • • • + n\ n = n. □ 
As a result, a glance at ([TBI immediately shows that: 



coeff d 7i+irn,5l = coeff, 



(ai«iH ha„u„)" + 5|a|ci(oi«i H h«„«„)" 1 



4.3. Reverse lexicographic ordering for the u-monomials. We order the collection of 
all homogeneous monomials u± ■ ■ ■ u l ™ with + - ■ - + i n = n 2 appearing in the expansion 

of (a±ui + • • • + a n u n ) n above by declaring that the monomial u 1 ^ ■ ■ ■ u l ™ is smaller, for 
the reverse lexicographic ordering, than another monomial uy ■ ■ ■ u{" , again of course 
with ji H h j n = n 2 , if: 

1"n Jn 

or if i n = j n but i n _i > j n _i 



or if i n = j n , . . . , i 3 = j 3 but i 2 > J2- 

Observe that z n = j n , . . . , %i = 32 implies i\ = j\. An equivalent language says that the 
multiindices themselves are ordered in this way: 

(ij, . . . , i n ) <revlex (Jl i ■ ■ ■ i jn) ■ 

Proposition 4.1. The coefficient ofd n+1 in any monomial u^ 1 • • • u l ™ which is larger than 
Ui ■ ■ ■ u™ is zero: 

coeff d n+i [ul 1 •••<"] =0 for any • • • , i n ) >reviex (n, . . . , n). 

Proof. Thus, assume (ii, . . . , i n ) > rev iex («,..., n). Firstly, if i n = n, the claimed van- 
ishing property is in all concerned subcases yielded by (iii) of the lemma just below. 
Secondly, if i n = n — 1, an integration on the fiber of 7r n _i n : X n — > X n -\ replaces 
u n~ l by tne constant +1, hence we are left with uf ■ ■ ■ u n n l\ and (i) of the same lemma 
then yields the conclusion. Thirdly and lastly, if i n ^ n — 2, then the form ■ ■ ■ u™Z\ 
vanishes identically for degree-form reasons. Thus, granted the lemma, the proposition is 
proved. □ 

Lemma 4.4. The coefficient of d n+l in all the following four sorts of u-monomials is 
equal to zero: 

(i) u % i ■ ■ ■ u^ for any k ^ n — 1 and any i±, . . . , with i\ -\ Hfc = n + k{n — 1); 

(ii) {c\) n ~ k ■ ■ ■ u % u for any k ^ n — 1, and any i\, . . . , with ^ n — 1 and 
h H \-i k = kn; 

(iii) u % i ■ ■ ■ u\ l uf +1 ■ ■ ■ u™for any I ^ n, any i\ , . . . , ii with i% ^ n — 1 and i\ -\ + 

il = In; 

(iv) c\u l i ■ ■ ■ u\ l uY + i ■ ■ ■ for any I ^ n — 1, any i\ ^ n — 1, arcy i\, . . . ,ii with 
h H yi\ = ln. 

Proof. Property (i) is established in Section 3 of Q- So (i) holds. 

Applying ([131) written for j = 1, namely = cf _1 ' + (?i — 1) u^, we get: 

(17) cf ] = ci + {n - 1) wi + • • • + (n - 1) u £ . 

To begin with, we start from (i) for k = n — 1, = n and »! + •■• + = 
n + (n — l)(n — 1) — i„_i = n 2 — 2n + 1 arbitrary, namely: 

= coeff d n+i [ul 1 ■ - in - % - n 
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Next, thanks to (fT6l ). we may replace in this equality u™_! by — c[ n 2 'u™lJ — c 2 n 2 ^u™zf — 
... 

o = coeff d „ +1 •••<»_-#(- 4 n_a] «S=l - 4"' 21 <=i 4r 21 j] 

= coeff d „ + i [mJ 1 ■ ■ • u'™~2 ( ~~ 4"~ 2 ' m^Zi)] [degree-form reasons] [use {T7J] 

= coeff d „+i [mj 1 ■ ■ ■ i4"- 2 2 ( — ci — (w — l)m — ■■■ — (n- l)u n -2 ) uZ-i] 

= coeff d „+i [ - cml 1 ■ ■ ■ u£z£Kz\] [apply (i) again], 

and we therefore get (ii) for k = n — 1 when i n -\ = n — 1. But in all the other remaining 
cases when i n ~\ ^ n — 2, then by the assumption that the sum of the indices i\ is equal to 

(n — l)n: 

i\ + • • • + i n -2 ^ ( n — l)w — (n — 2) = n 2 — 2n + 2 = dimX n _2, 

and consequently, the degree of the form ciu 1 ^ ■ ■ ■ u^ n _7| is ^ 1 + dimX n _2, whence this 
form vanishes identically. Thus (ii) is proved completely for k = n — 1. 

Next, consider (iii) for I = n. If i n ^ n — 2, then by degree-form reasons = 
uf ■■■ u™Z\, whence coeff rf n+i \u 1 ^ ■ ■ ■ u^zlu 1 ^] = gratuitously. So we assume i n = 
n — 1. But then i\ + ■ • ■ + i n -i = n 2 — n + 1, hence (i) applies to give: 

= coeff^n+i [u^ 1 • • • tt^T— l ] [reconstitute hidden integration of u™^ 1 ] 

= coeff,„ +1 [<---<"->r 1 ], 

and therefore this proves (iii) completely for I = n. But we also get at the same time the 

property (iii) fori = n—1. Indeed, with i\ H h %-i = {n — l)n and with i n _i ^ 

we may reduce, using ([T6l ): 

r n—1 [n—1] n— 2 [n—1] ] 

L l ' ' ' U n — 1 I ~ C l U n ~ C 2 U n ~ ' ' ' ~ c n J 



= itj 1 ■ ■ ■ u^JTi [ — c!j™ ^n" 1 ] [degree-form reasons] [use (T7J] 

= Uj 1 • • • u^Ix [ — ci — (n— — (n — 1)m„_i] 

Thanks to (i), after expansion, the pure u-monomials give no contribution to d n+l , and 
consequently: 

coeff d n + i [uj 1 • • • = coeff rf n + i [ - ci< • • • u^Zl] = 0, 

where the last equality holds true thanks to the property (ii) already proved for k = n — 1. 
Thus (iii) is completely proved for / = n and for I = n — 1. 

Lastly, we just observe that (iv) for I = n — 1 coincides with (ii) for k = n — 1. In 
summary, we have completed a first loop of proofs. 

Consider now the second loop. We start from (ii) for k = n — 1 (already got) with 
i n _i = n — 1 and with i n _2 = n , s ° that i\ + ■ ■ ■ + i n -3 = (n — l)n — i n -2 — i n ~i = 
n 2 — 3n + 1, and then we compute: 

= coeff d n+i 



coeff^+i 
coeff d ™+i 
coeff^+i 

coeff^+i 
coeff^n+i 



cit/j 1 • • • u^™_3 w"_2 w ^_i ] [fiber-integration] 

Cl < • ■ • ( - C r- 31 <I^ - #- 3] <--t cfT 3 1J ] [use G6J] 

c\u^ ■ ■ ■ u^Z-j ( — Ci ^) ul }ZV\ [degree-form reasons] [use 03] 

cml 1 ■ ■ ■ v%Z% ( - ci - (n - (?i - l)M n _ 3 jKzlKZjj] 

- ciciul 1 ■ ■ ■ w^"_:|u™l2 M ™-i r] I a PP'y <") for fc = n - 1 again] 

— ciciu^ 1 ■ ■ ■ u l n-3 u n-2] [fiber-integration], 
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where we have reintroduced u™Z\ (artificially) in the fourth line, so as to apply (ii) for 
k = n — 1 (got). As a result of the last obtained equation, we have gained (ii) for k = n — 2 
when i n ^2 = n — 1, but since when i„_2 ^ n — 2, the form cic\u^ • • • u^ n _T| vanishes 
identically for degree reasons, we finally have fully established (ii) for k = n — 2. 

Next, we look at (iii) for I = n — 2. Then *! + ••• + i n -2 = (n — 2)n with i n -2 ^ n — 1. 
So we ask whether the following coefficient vanishes: 

coeff d „ + i [ul 1 ■ ■ • <": 2 ! <_!<] = 

= COeff rf „+i [ul 1 ■ ■ ■ t4T-2 U rc-l( C l _ ( n ~ ( n ~ tfUn-l J] 

= coefT d „+i [ - cml 1 ■ ■ ■ li^'Ci] 

= coeff d „+i [ - ciul 1 ■ ■ ■ ( - c\ - (n - l)ui (n - l)u n - 2 )un-i\ 

= coeff rfn +i [ciciu-l ■ ■ ■ u^ K-i j] 
= 0, 

and in fact, this coefficient vanishes actually, thanks to (ii) for k = n — 2 seen a moment 
ago. This therefore proves (iii) for I = n — 2 completely. 

Finally, consider (iv) for I = n — 2. Then + - ■ ■ + i n -2 = (n — 2)n and i n -2 ^ n — 1. 
But coming back to the third line of the equations just above, where i n ~2 ^ n — 1 too, we 
have in fact already implicitly proved that: 

= coeff>+i [cml 1 ■ ■ • u^lK-i] , 

and this is (iv) for I = n—2. Thus, the second loop is completed, and the general induction, 
similar, is now intuitively clear. □ 

Corollary 4.1. The coefficient of d n+1 in any monomial ciu^ 1 ■ ■ ■ v?™Z\H?n with 1 + ji + 
• • • + jn-i + jn = n 2 which is larger than ci«" ■ ■ • it^-i u n JS zero: 

coeff^+i [ciwj 1 ■ • • u^'fift] = 0, 

for any (ji,- ■ . ,j n -i,jn) >reviex (n,...,n,n- 1). 

Furthermore: 

coeff d „ +1 [«»-.. <_!<] = coeff d „ +1 [(-l)"(d)"] = +1. 

coeff d „+i [ciu? • • • <_i< -1 ] = coeff d „ + i [(-l)"- 1 ^)"] = -1. 

Proof. The first claim is just a rephrasing of the property (iv) of the lemma, after one 
notices that ciuj 1 • • • u^J^Un™ vanishes identically for degree reasons when j n ^ n — 2, 

while the term = u 3 n disappears after fiber integration when j n = n — 1. The 

identities stated just after now have obvious proofs. □ 

4.4. Minorating coeff^n+i [ii] . Let us decompose the intersection product Us defined 
by dl3]) as IT + 6W, where: 

2 n 2 — 1 

II := (axUi + • • • + a n u n + 2|a|/i) — n 2 h(aiui + ■ • ■ + a n u n + 2|a|/i) 2|a|, 

II' := n 2 ci (aiU\ + • • • + a„u n + 2|a|/i)" 1 |a|. 

The (ineffective) Lemma [4721 insures that the reduction of IT in terms of d = degX is a 
certain polynomial: 

n+l 

Pa(<0 = Pfe,a^ fe , 
fc=0 
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having certain coefficients a G Z[ai, . . . , a n ] . Moreover, Lemma 1431 showed that 
positive powers of h do not contribute to the leading coefficient, whence: 

2 

Pn+l,a = coefl>+i [II] = coeff d »+i [(aim H h a„ii„) n ] 

2 

= coeff d n+i [(aiui H h a n ii n + 2|a|/i) n ] . 

By Proposition 2 in (7], the bundle: 

Ox n (a)0vr* >n Ox(2|a|) 

is nef whenever a belongs to the cone defined by ©, therefore its top self-intersection 
must be non-negative. Thus, once this top self-intersection is evaluated in term of the 
degree d of the hypersurface, its dominating coefficient must be non-negative, too. In 
other words we must have: 

Pn+l,a ^ 0. 

But from the corollary just above, we know that p n +i, a 6 Z[a] is not identically zero, for 
it incorporates at least the nonzero (central) monomial: 

___rp f n 2 ! „n n n „,n „,n"| n 2 ! „n _n 

Then, in order to capture a weight a for which p n +i,a > 0, we at first observe that the cube 
of N n having edges of length n 2 which consists of all integers (m, . . . , a n ) satisfying the 
inequalities: 

Ha„sCl + n 2 , 3n 2 sC a„_i s$ (3 + l)n 2 , (3 2 + 3)n 2 < a„_ 2 ^ (3 2 + 3 + l)n 2 

. . . , (3™' 1 + • • • + 3)n 2 sC oi s$ (3"" 1 + • • • + 3 + l)n 2 

is visibly contained in the cone in question: 

a n ^ 1, a n -i ^ 2a n , a n _2 ^ 3a n _i, . . . ,a\ ^ 3a2- 

We now claim that there exists at least one n-tuple of integers a* = (a\, . . . , a*) belonging 
to this cube with the property that p n +i,a* is nonzero, and hence: 

Pra+l,a* ^ 1 =: G n+ l, 

so that we can take 1 as the minorant introduced at the beginning. Indeed, p n +i, a is a 
homogeneous polynomial of degree n 2 to which an elementary lemma applies. 

Lemma 4.5. Let q = q(&i, . . . , b v ) € Z[bi, . . . , 6„] be a polynomial of degree c 1. 
Then q can vanish at all points of a cube of integers having edges of length equal to its 
degree c only when it is identically zero. 

Proof. Expand q = Ylki=o b^ 1 qfe 1 (&2 ) • • • ,K), recognize a (c + 1) x (c + 1) Van der 
Monde determinant, deduce that each (62, . . . , b v ) vanishes at all points of a similar 
cube in a space of dimension v — 1, and terminate by induction. □ 

4.5. Majorating the other coefficients coeff rf fe [n]. Now, for such an a* which is not 
very precisely located in the cube, we nevertheless have the effective control, which is 
useful below: 

* * 3 n -l 2 ^ 3 n 2 

max a,- = a-, = n ^ V n . 

l<i<n 2 2 

From now on, we shall simply denote a* by a. At present, for any integer k with ^ k ^ 
n, let us denote by D^(n) any available bound {see in advance Theorem 15 .11) in terms of n 
only for the maximal absolute value of the coefficient of d k in all monomials h l u^ ■ ■ ■ u l ™ 
with I + ii + ■ ■ ■ + i n = n 2 , namely: 

max |coeff d fc [h l v£ ■■■u i ^] \ ^ D fc (n). 

i+ilH \-i n =n 2 
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Then for any k with ^ k ^ n, we now aim at estimating from above the coefficient of 
d k in our intersection product II, using two new lemmas and starting from its expansion, 
all terms of which we shall have to control: 
|coeff>[ll]| s$ 

^ E in^-(%l)'4 1 ---4"-|coeff dfe [^i i •••<"]!+ 

-\ \-i n — n 2 

+ E n 2 ■ 2|a|(2|a|) ; Q f • ■ •< ■ |coeff d * •••<"] |. 

i+il + ---+J„=n 2 -l 

Lemma 4.6. Le? Z, i±, . . . , i n G N satisfying + - ■ - + i n = n 2 and let I, j\, . . . , j n € N 
satisfying I + j\ + • • • + j n = n 2 — 1- Ffen: 

Furthermore, the number of summands in _| \-i n =n 2 an ^ ine num t>er of summands 

in X^+jxH \-j n =n 2 -v w hich are both plain binomial coefficients, enjoy the following two 

elementary majorations: 

(n 2 +n)\ < . 2n-l n „j. (n 2 -l+n)! < 2n-l 
n 2 !n! ^ 4n md - (n 2 -l)!n! ^ 2n 

Proof. Indeed, any multinomial coefficient f , ^ " 2! ^ , is less than or equal to the sum of all 

2 n 2 

multinomial coefficients (! + ! + ••• + l) n = (n + l) n . At the same time, we deduce: 



2 -11! o / . -.x^i , , , ,,„2 



2 (n 2 -!)! 



n 2 (n + l) n - 1 ^ (n + l) n + 1 . 



For the second claim, we as a preliminary have: 

(n 2 4 
n 2 !( 

since 2 n ~ 1 ^ 2 (n — 1)! for any n ^ 1. Consequently, we deduce: 



(n 2 +n-l)! _ (n 2 + l)-(n 2 +n-l) . (n 2 +n 2 )---(n 2 +n 2 ) _ 2"" 1 n 2 "' 2 9 2n-2 
n 2 !(n-l)! ~~ 1 - (n-1) ^ (n-1)! ~~ (n-1)! ^ zn > 



= (" 2 2 +"- 1 ), ! • i^M s; 2 n 2 - 2 • (n + i) < 4n 2m " 1 , 

n- ! \n\ n 2 ] (n— 1)! n ^ \ 1 n' ^ 



re 2 ! (n-1)! 

and similarly: fe^r < ■ - < 2 n 2 ™~ 2 • n = 2 n 2 ™" 1 . □ 



Lemma 4.7. For any I, i±, ■ ■ . , i n G N satisfying I + i\ + • • • + i n = n 2 , one /km: 

(2|a|)'ai 1 ■■■(# < n 3n2 3™ 3 . 
Proof. Indeed, we majorate each a, by |a| and |a| = a\ + • • • + a n by nai, and also I by 
n 2 , so that (2|a|)'a l 1 1 ■ ■ ■ a % ™ < 2 n2 (nai) n and we apply ai < ^ n 2 . □ 
Thanks to these two lemmas, we may perform majorations: 
|coefl> [n] | < 471 2 "- 1 • (n + 1)"' • n 3 " 2 3"' • D k (n) + 

+ 2 71 2 ™- 1 • (n + 1)" 2+1 • 7i 3 ™ 2 3" 3 • D fc (n) 
< 6 71 2 "" 1 • (n + 1)" 2+1 • n 3 " 2 3" 3 • D fe (n) (fe = o,...,n). 
Lemma 4.8. For any exponent k with ^ k ^ n, one /zas: 

|coeff dfc [n] | ^ 6H 211 - 1 • (n + l)™ 2 • n 3 ™ 2 3™" • D fc (n). □ 

To conclude these estimates, for any integer k = 0, 1, . . . , n, n + 1, let us denote by 
D' fc (n) any available majorant for all the monomials appearing in II': 

max |coeff d fc [c 1 h l u{ 1 ■ ■ ■ u 3 ^] | ^ D' k (n). 

1 + \~jn = ^ 
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Lemma 4.9. For any exponent k with ^ k ^ n + 1, one has: 

|coeff> [n'] | ^ n 2 "" 1 • (n + 1)™ 2+1 • n 3 ™ 2 3 n3 • D' k (n). 

Proof. Indeed, one performs the similar majorations: 
|coefl> [n'] | ^ 

< E TTJ^lb. ■ 1^1(21^1)^^ .--at- |coeff dfe [c x h 1 ^ ■ ■ ■ <»] | 

i+ii + ---+J„=n 2 -l 

s; 2 n 2 "" 1 • (n + 1)" 2+1 • \ n 3 " 2 3"'' ■ D' k (n) 

< n 2 "" 1 • (n + 1)" 2+1 • n 3 " 2 3"" • D' k (n), 

hence the bound we obtain is exactly the same, up to the factor 6. □ 

4.6. Final effective estimations. We can now explain how to achieve the proof of Theo- 
rem ll.ll At first, we shall realize in Section[5]that both constant coefficients coeff rf o [il] = 
coeff^o [if] = vanish, hence Do(n) = D' (n) = works. Most importantly, we shall 
establish in Section [5] that one may choose: 

Dx(n) = • • • = D„(n) = D[(n) = ■•• = D» = D' n+1 (n) = n 4n V\ 

Taking n 4n3 2 n4 for granted, remind that with the above choice of weight a* (now denoted 
a), we ensure that: 

coeff d n+i [il] = p ?t+ i, a ^ 1 =: G n+ i. 
From the preceding two lemmas, we therefore deduce that: 

|coeff dfc [II] | Qn 2n ~ l ■ (n + 1)" 2+1 • n 3 ™ 2 3™ 3 • n 4n V 4 =: 6 H(n) (fc = i-n) 

|coeff dfc [n'] | ^ n 2 "" 1 • (n + l) n2+1 • n 3 " 2 3™ 3 • n^2 n ^ =: H(n) (k = i-n + i). 

so that, coming back to the beginning of Section |H we may choose Eo = Eq = (since 
Do(n) = Dq(?i) = 0) and also explicitly in terms of n: 

Ei = ••• = E n = 6H(n) 

E' 1 = ... = E> n = E> n+1 = H(n). 

Coming back to the definition of d\ , d\ given at the end of Lemma |4~T1 and just after, we 
may now majorate: 

dUl+MH( n ) + f)/i=:di, 

d 2 n sC 1 + n + 2 + 2 (n 2 + 2n) H(n) =: d 2 n . 

Notice that d 2 ^ d\ as soon as n ^ 3. Finally, by comparing the growth of all terms in 
H(n) as n — > oo, one sees that 2 n dominates and hence that the following inequality: 

d 2 n = 1 + n + 2 + 2 (n 2 + 2n) ■ n 2 "" 1 • (n + 1)" 2+1 • n 3 ™ 2 3" 3 • n 4n V 4 ^ 2 n \ 

holds for all large n. However, any symbolic computer shows that for n = 2,3,4, one in 
fact has d\ > 2 2 \ d\ > 2 3 ' , d\ > 2 45 , while d\ < 2™ 5 and d\ < 2" 5 for n = 6, 7, 8, 9so 
that <i 2 < 2 n holds for any n ^ 5 by an elementary inspection of the function n i-> d 2 . 
Fortunately, the three left cases n = 2, n = 3 and n = 4 of Theorem 11.11 are covered, 
firstly for the classical surface case n = 2 by, say @ in which deg X ^ 21 with 21 <C 2 2 °, 
and secondly for n = 3 and n = 4 by our second Theorem 11.21 because 2 3 ° ^> 593 and 
2 4 ;§> 3203. So we conclude that if we take for granted: 1) that one may take all the D k (n) 
and all the D' fc (n) equal to n An 2 n , a technical and crucial statement to which Section [5] 
below is entirely devoted; and 2) that Theorem 1 1.21 is got, an effective statement to which 
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the two Sections [6] and [7] below are devoted, then the proof of our main Theorem II. H is 

5 

to be considered as complete, and finally, the neat uniform degree bound deg X ^ 2™ 
works in all dimensions n > 2. □ 



5. Estimations of the quantities D k (n) and D' k (n) 

To complete our program, it now remains only to capture somewhat effective upper 
bounds Dfc(n), ^ k ^ n and D' k (n), ^ k ^ n + 1. 

Theorem 5.1. With n ^ 2, /or a«v . . . ,i n € N w/f/z / + ii + • • • + i n = n 2 and any 

I, ji, . . . , j n 6 N with 1 + / + ji + • • • + j n = n 2 , one has: 

= coeff d o [hJ'ul 1 ■ ■ ■ u%] = coefl> [cih l u{ 1 ■ ■ ■ u^] . 

Moreover and above all, for every k = 1, . . . , ra + 1, the following uniform effective upper 
bound holds: 

< n ]| < n An "2 T 



|coeff d fe [hJul 1 
|coeff d fc [cihJul 1 



■■■ut 



In other words, in the above notations, one may choose Do(n) = D' (n) 
D fc (n) = D' k {n) = n 4n3 2 n4 for k = 1, . . . , n + 1. 



and 



5.1. Jacobi-Trudy determinants. One key observation towards these estimations is that 
the reduction process from one level to the lower level in Demailly's tower involves Jacobi- 
Trudy determinants in the Chern classes of the lower level in question. 

Definition 5.1. At any level I with < £ ^ n — 1 and for any J with < J < n + £(n — 
1) = dim JQ, we define the corresponding Jacobi-Trudy determinant. 



M M M 











.-.['1 



-j-i 



where, again by convention, we set any c k := as soon as k ^ n + 1; by convention 
also, Cj := is set to zero when J > dimX^ and when J < 0; lastly, we set Sq := 1. 

Expanding the determinant Cj along its first line, and expanding again the obtained 
block-determinants, one easily convinces oneself of the induction formulae: 



(18) 



C 2 J + C 



pi 
3 U J-3 



the last term in this expansion being either (— l) n 1 c$ Q l 



J—n 



when J ^ n or else 



In the proof of Theorem l5.ll the study of the monomials ■ ■ ■ u l ™ will appear a poste- 



cy Cq when J < n. 



riori to be exactly the same as the study of the monomials h l u 1 ^ ■ ■ ■ u % £ and c\h}u 3 ^ 

Generally speaking, fixing I with 1 ^ £ ^ n and exponents i\, . . . , it € N satisfying 

h H h it = n + £{n — 1) = dim Xg, let us therefore study the reduction, in term of the 

degree d of X, of the specific monomial ■ ■ ■ ufzluY. We write it as fi^T 1 ^, where 



9. 



e-i 

K 



ii-i 



l is a (K, K)-form living on X^-\ with K + ig = n + 



in 



If ii ^ n — 2, then £l K 1 vanishes form degree-form reasons. If if 



n 



1)- 
1, then a 



fiber-integration gives Du l K l u™ 1 



n 



K 



r\£—lpl- 
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Lemma 5.1. For any I with 1 ^ I ^ n, given any (K, K)-form fi^- 1 at level I — 1 and 
any integer in with in ^ n — 1 and ie + K = dim JQ, the reduction ofQ,^ 1 u 1 / down to 
level i — 1 precisely reads: 



„[<-!] 
■'i* — n-fl 

%i—n 



{ 1) iL K \^ it _ n+1 . 



Proof. Assume first that ii = n and use (fT6l ) to get: 



Reasoning by induction, assume now that the lemma holds for all i' £ with n ^ i' e ^ Z£ for 
some ^ ^ n. Take an arbitrary (L, L)-form ^^f 1 on A^_i with L + i£ + 1 = dimXi, 



multiply dl) by Q 



£-1 u i e+ 1 ~ n 



to get: 



\l+ii-n+l 



c 3 V + ■ 
Ji-1] pi-1 



„[<?-!] pi-1 



I X J "i H(+l-n+l> 

thanks to (PT8T ). which gives the claimed reduction for the exponent + 1. 

Applying this lemma to the monomial u 1 ^ ■ ■ ■ u l £ugt{, we thus reduce it to 



□ 



■u g u 



l+l — { L ) "l u l ^i e+1 - 



■n+1 



To obtain effective estimations, we will need to further reduce such a Jacobi-Trudy de- 
terminant 6^ !-n+i f rom l eve l ^ down to level I — 1. A whole program begins. In the 
application we have in mind, one should think that ®r K = (— l) l <+i _n + 1 u 1 ^ ■ ■ ■ u £ l and 
that J = —n + 1. 

Lemma 5.2. an arbitrary level i with 1 ^ t ^ n — 1, consider the Jacobi-Trudy 
determinant Qj of an arbitrary size J x J with 1 ^ J ^ dim and furthermore, let 0r K 
be any (K, K)-form on whose degree K satisfies K + J = dim = n + l(n — 1). 
Then the reduction offl e K Qj down to level I — 1 relies upon the following formulae: 

nkeS = ^ [e^ 1 + e$A$ + + ■ ■ • + e^A*] , 

in which, for any k with 1 ^ k ^ J, one has set: 



i^fc-i 



A+0 



where the X-terms here gather all the terms after c-j ^ in a convenient rewriting of (1151 ) 
under the following form: 



[£] 
4 



J 1 ' 1 } _J_ \ J'" 1 ],, _L_ X r^" 1 ^ 2 -4- -4- X 



w/f/j f/ie convention that Xj = 0/or j ^ n + 1. 
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Proof. Naturally, we should expand the Jacobi-Trudy determinant in question after insert- 
ing in it the relation (fT5l >. This is based on linear algebra considerations and we shall drop 
ft e K in the computations. 

More precisely, let us write down the determinant C j we have to expand: 







c [i] 

M 
-j-i 



..['J 



o + i 



o 



o 



by emphasizing the induction on t which represents its first column naturally as the sum 
of two columns. As already devised, we expand it by linearity, getting: 



2 







c [£] 
J 

M 



+ 



-i M 











J'l 



and just afterwards immediately, we expand the first determinant along its first column, 
while at the same time, in the second column of the second determinant, we again empha- 
size the induction on I: 





c [ r ] xi+cf- 


1] 


c [£] • 


• c [£] 




1 Xf + cf- 


1] 




• c M 
C J- 


e e j = x{ • eS_i + 


+ 1 




c [£] • 


• c [£] 
C J- 









• 


■ c [£] 



Next, we similarly expand by linearity the obtained determinant, realizing again that its 
second column is a sum of two columns: 



xi ■ e5 



+ 



x* 2 4' 

xi 4 £] 

cM 





' ./ 

c j-i 

c J-2 



+ 



-1 L 2 

i 

1 











J'l 

'3 

„M 

'2 
+1 







( j 

c j-i 
c le] 

c J-2 



and evidently again, we must expand the first obtained determinant along its second col- 
umn, getting: 



e', 



j-i 



o o ••• 

Jt-l] U-l] 



-j-i 

-J-2 

c [t] 

1 1 

xi- 

X 
+ 1 



xi 



"3 
,['] 



'J-2 



2 + c 2 



-1] 
-1] 
H 



c j 

-j-i 

-J-2 
-J-3 
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and we are supposed to iterate once again the same two processes: 



pt _ y£ pit \ft -, pit , yt fo£-l pit 

L J — A l ' L J-1 _ A 2 ' 1 ' W-2 + A l ' L l ' L 



J-2 



+ x 



J*-l] 



-,{<'] 



x 



X? 



e-i] „P-i] 



c 2 

1 



+ 



f£-l] Jt-1] 



L 

1 





xl 



-J-3 



c l • 


C J-3 


• 


■ ■ c l(] 


c [l] ■ 


■ • c [e] 

c J-3 


• 


■ ■ S 



J.t-1] 



+ 



c, 



2 c 3 



+ 1 



c j 

-j-i 

-J-2 
-J-3 



-J-4 



At this point where things start to become clearer, we make the following general obser- 
vation. Consider the determinant that one obtains after a finite number of steps: 



c i 

1 


_[<-!] . 
c 2 

Jt-n . 

L l 


c k-l 
c k-2 


K + c [ t 1] 


c k+l 
C k 


C J-1 












c l 

1 




*l + <t 1] 

X{ + ct 1] 
+ 1 


c [£] ■ 

C 3 
c 2 


c J-fc+2 

c J-fc+l 
L J-fc 




















where the central-looking column is the k-th one, for some k with 1 ^ k ^ J. Write 
this determinant as a sum of two determinants by linearity, and expand the first obtained 
determinant, let us call it A*,, along its k-th column in which are present all the X^'s. We 
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thus get that the first determinant is equal to: 



A fe := {-l) k+1 K 



1 



'fc-2 



• eS_ 



+ (-i) fe+2 x*_ 1 



+ (-i) fe+3 x*_ 



o 1 



■ 



1 c 



J«-l] 

-"fc-3 



1 •■ 







+ ... + (_!)*+* • 



„[<-i] 



■eS- 



-fc-4 



■ e 



J-fc! 



while the second determinant is of the same kind as the one we started with, except that 
the X's are now located in the (k + l)-th column. Thus after mild simplifications, what 
we called the first determinant equals: 

A k = (-i)** 1 xi • i ■ eU + (-i) fc + 2 xti • er 1 • eU+ 
+ (-i) fe + 3 x£_ 2 • et 1 • e$_„ + • • • + K ■ et\ ■ &,_„ 

In conclusion, the initial Jacobi-Trudy determinant Cj we started with now equals: 



Ai + • • • + A fc + • • • + Aj + 







„[<-!] 



where the last written determinant, equal to Cj -1 and living at the (£ — l)-th level, is 
the remainder determinant after all X-terms are removed by expansion. Summing the 
Afc = A? C £ 7 _, , we obtain the formula announced in the lemma. □ 



As J varies, the formulae given by this lemma: 

eS = e^ 1 + egAS + ef a$_ x + • • • + eS^Af , 

are still imperfect, for their right-hand sides still involve Jacobi-Trudy determinants at the 
level £. So necessarily, we must perform further reductions. 

Lemma 5.3. For any J with ^ J ^ dim Xi and any £ with 1 ^ £ ^ n, one has: 

J 



'J 



E e'/4 

j=0 



nt E 

Z^ = l fe^H hfciy^j 

fc^ , . . . ,fcjy ^1 



A1---A 



with the convention that for j = 0, the empty sum in parentheses equals 1. 
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Proof. First, for J = 0, recall that by convention Cq = C = 1- Next, for J = 1, we 
start from the formula of the preceding lemma and we perform an evident computation: 

q[ = q[- 1 + egAf = ef-^A) + e^-^f (a), 

if, generally speaking, we denote for convenient abbreviation: 
(19) Ej(A):=t; E 

u=l *iH h*i/=j 

with of course Sq(A) = 1. These Sj(A) satisfy useful induction formulae: 

i/=2 fci + fc2 + --- + fc ^=J 

= Aj + E(Ai E At-.-A^+A^ £ + 

fc 2 -l |-fc, y =i / 

= A$ + A*£ £ Ai-.-Al+A^g E + 

i/=2 fc 2 + --- + fc ^=J- 1 f=2 fc 2 +--- + fc ^=J- 2 

fe 2l ...,fc I/ ^il fc 2 ,...,fe I/ >l 

+-+a^eE< 

i/=2 fca=i 
fc 2 ^i 

= A^ (A) + Af £^(A) + A^_ 2 (A) + ■ • • + A^EftA). 

Next, for J = 2, starting again from the known (imperfect) formula and using what has 
just been seen: 

pi _ pl-1 , pi a £ , pi & l 
^2 — ^2 i v "0 rt 2 ~r u l rt l 

= e^- 1 + eg- 1 ^ + [e^s&A) + e^Ef (A)] Af 

= e^X&A) + e^" 1 [Eg(A)Al] + e^" 1 [Si (A)Ai + Af] 

= e^s^A) + ef- 1 sf(A) + eg _1 E^(A). 



(20) 



Suppose now by induction that we have already proved that: 

e$, = eJr^CA) + e^si (A) + e^s^A) + • • • + e^sSCA), 

for all J' with ^ J' ^ J, for some J ^ 2. Then we apply the known general (imperfect) 
formula with J replaced by J + 1 in it, and afterwards, we use the induction hypothesis, 
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which gives: 

rot rot—1 _i_ rot \i , rol U , , rot 4 £ , pi A< 

W+l — u ,7+l "•" ^"0 M ,7+1 "+" U 1 M ,7 T • • • T ^,7-l rt 2 ' ^,/ M l 

= eS- + \s^(A)+ 

+ [e^ 1 ^(A)]AS +1 + 

+ [e £ r 1 s^(A) + e^ 1 s{(A)]AS+ 

+ + 

+ [eSi\sS(A) + eS^E^A) + eSi^CA) + • • • + e^sS-iW] a§+ 

+ [e^s^A) + eS-\sf (A) + e^s^A) + • • . + e^sS^A) + eg-^WK 

A necessary and natural reorganization then gives: 

eS+i = eS+i[So(A)] + 
+ eS- 1 [^(A)A^ 1 ] + 

+ eQfiiWAi + S{(A)Ai + Z e (A)Ai] + 

+ + 

+ C^ 1 [£$(A)Af + sS-i(A)A £ 2 + ES_ a (A)A| + • • • + Eg(A)A^ +1 ] 

= eS+\4(A) + eS" 1 ^ (A) + eS^s^A) + e^s^A) + ■ • . + c^e^a), 

where at the end, one applies the formulae (l2Qb just seen. Notice passim that the number 
of terms in E;-(A) is equal to 2 J_1 for all j ^ 1. □ 

5.2. Upper reduction operator. The reduction process, after several elimination com- 
putations involving ([TBI and (fT6l ) and at the end ©, transforms a general monomial of 
the form h l u 1 ^ ■ ■ ■ u % ™ with I + i\ + • • • + i n = n 2 into a polynomial 31 (h 1 ^ ■ ■ ■ u 1 ™) of 
degree ^ n + 1 in d, where the symbol stands for "reduction". 

From now on, complete explicit algebraic computations will not be conducted anymore, 
and instead, to tame their complexity, inequalities will be dealt with. 

For our majoration purposes, we now introduce an important upper reduction operator 
3l + which by definition, at each computational step of the reduction process, while going 
down in the Demailly's tower, always replaces any incoming sign "— " by a sign "+". 

Accordingly, for any two monomials h l u^ ■ ■ ■ u l ™ and h 1 ' ■ ■ ■ u % n , we shall say that: 
31+ (tiul 1 •••<")< tt + (h l 'uf •••<"), 

and write more briefly: 

if the corresponding two (upper) reduced polynomials Ylk=o Pfc • d k and X^fcio Pfe ' d k 
have all their coefficients satisfying: 

(0 ^ ) Pk $5 Pfe for every k = 0, 1, . . . , n + 1. 

Then obviously the absolute values of the coefficients of the reduction are smaller than the 
(nonnegative) coefficients of the upper reduction: 

|coefi> [tiul 1 ■••<»]! < coeff dfc [31+ (h 1 ^ 1 ■ ■ ■ u%)] . 

To obtain the desired bound n 4n 2 n we need to handle the Jacobi-Trudy determinants 
seen above. The following lemma will be useful. 
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Lemma 5.4. For any Ai, A2, • • • , A n with n = \\ + 2A2 + • • • + n\ n , one has: 

Proof. An inspection of the determinant S° shows that one may view all the pure monomi- 
als c Al , (C2) A2 , - - - , (Cfc) Afc as diagonal subblocks of the corresponding sizes lying inside 
6° . Since the operator H + expands the determinants and replaces all the minus signs by 
plus signs, it is then clear that there are more terms in the right-hand side than there are in 
the left-hand side, which completes the proof. □ 

The same arguments yield determinantal inequalities at any level. 

Lemma 5.5. For any two J\, J2 with ^ J\ , J2 ^ dim satisfying in addition J\ + 
J2 ^ dim Xg, and for any j% with ^ j\ ^ n satisfying in addition j\ + J2 ^ dim Xg, 
one has the two majorations: 

(n e K ■ e% ■ e%) < * + (n e K ■ e f Jl+J2 ) and x + (n e K ■ cf ■ e$ a ) < k+ (<& ■ e e J1+j2 ), 

where Vt^ is any (K, K)-form living on Xp completing to dim Xg the degree, namely with 
K + Ji + J2 and with K + j\ + J2 both equal to dim Xg. 

If Ji + J 2 < or if Ji + J 2 > dim Xg, and if ji + J 2 < or if j\ + J2 > dim JJQ, the 
two sides vanish in both inequalities, which hence hold without restriction. 

Lemma 5.6. These coefficients Xjj-k = (j-%J(n-j)\ ~ {j-k-iy.{n-j+i)\ appearing 
in (1151 ) satisfy the uniform majoration: 

\^j,j-k\ ^ 2 n =: A 
expressed in terms of the dimension n only. 

Proof. Indeed, the absolute value of the difference \j.j-k = — A"^_ fe of two non- 

negative integers is less than the largest one, and we majorate any appearing binomial 
coefficient .,, or W\ {n"-i")\ witn n ' ^ n and n " ^ n P lainl y bv 2n - 1=1 

In the subsequent majorations, while applying the upper majoration operator we 
shall also replace any incoming Xjj-k by this majorant A = 2 n . As a result, we define 
a generalized upper majoration operator "Xt" which both replaces any minus sign by a 
plus sign and any Xjj-k by A = 2 n . 

Also, when executing inequalities, we shall sometimes not write the left differential 
form £l e K which completes to dim Xg the total degree of the considered forms, for one 
knows well now that forms to be reduced always have degree equal to the dimension of 
the level on which they sit, unless they vanish identically for degree-form reasons. 

Lemma 5.7. For all k = 1, 2, ... ,n, one has the 31^ majorations: 

Ai < x + k\{e{-_\ut + e{-_We + ■■■ + 4). 

Proof. Starting from the evident majoration of the YS- that were defined at the end of 
Lemma 15^2] 
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we may perform majorations of an arbitrary A{ also denned there: 





" A 2 L fc-2 + A 3 L A 


:-3 " 


-... + (-!)*- 


-Xc*- 1 




et\ + [A( c r i] 




-«2)]efci 1 a + 




+ ■ • 


•+[A(ct-% + 




+ c 1 ^u*- 1 - 


h^)]e^ - 1 


= a(«<[c£ 




-<£ 


H-3 


+ cTi 1] eS- 1 ]+ 


+«?[ 








+ + 


+ «?[ 






et 3 + ---- 


^3 1] eS" 1 ]+ 



■u 3 



ui[ eg- 1 ; 



Now, we use the majoration of an arbitrary product of a Jacobi-Trudy determinant by a 
Chern class that was provided in advance by Lemma 1531 to obtain: 

a£ < k + x(u e [k ■ e{-_\] + uj [(k - 1) • eiz\] +--- + 4 [e^ 1 ] 
k\(eir\u e + eir\u 2 e + ■■■ + 4), 

as was to be proved. □ 

We now have to majorate conveniently the A-polynomials S^(A) defined by (fT9l ) in 
terms of Jacobi-Trudy determinants living at the inferior level t — 1, and in terms of ue, 
too. For this purpose, let us define what will play the role of a convenient majorant: 

fc>fc •- ^ k -\ U t + L fc-2^ H h L l U <? + ' 

and let us keep in mind that the lemma just proved provided the majorations A^ ^+ 
/cA 0{. To majorate products of Ai's, we majorate products of 0{'s. 

Lemma 5.8. For any k\ , &2, ■ ■ ■ , k v with k\ , k2, ■ ■ ■ , k v ^ 1 whose sum k\ + ki + • • • + 
k v = j equals j, one has the majoration: 

©£i@fc 2 '''®L ^3?+ ^lfo • • • K @ kl+k2+ ... +kv . 
Proof. In greater length, the considered product writes: 

(e£-i«* + • • • + u} 1 ) (et-i^ + • • • + 4 2 ) ■ ■ ■ (etV + ■ • ■ + "f") > 

and the total number of terms, after expansion, is hence clearly ^ k\k2 • • • k v . Using the 
already known inequality Cj" 1 • Cj" 1 Cj~^_j 2 , we may majorate as follows any 

monomial appearing after expansion: 

pi-\pl-\ pt-l^k" pl-\ „,k" 

Hi " ' a i ^+ ( -k' 1 +-+ki a e ' 

where k[ + k' 2 + ■ ■ ■ + k' v + k" = k\ + k% H + k v = j of course, which completes the 

proof. □ 

At last, we can state and prove the main useful majoration proposition which will enable 
us to achieve the proof of Theorem 15. II cf. the program launched just before Lemma 5.2. 

Proposition 5.1. At any level I with 1 ^ t ^ n—1, consider the Jacobi-Trudy determinant 
C j of an arbitrary size J x J with 1 ^ J ^ dim Xi and furthermore, let Q, K be any 
(K, K)-form on Xi the degree K of which satisfies K + J = dim = n + £(n — 1). 
Then the upper reduction %["(•) ofQ e K Cj in which any incoming Xjj-k is replaced by 
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A 



2 n > A 



enjoys the following majoration in the right-hand side of which, 



notably, all the appearing Jacobi-Trudy determinants live at level i — 1: 



ryl pi s 

Proof. Recall that 



J • 2 • J 



J j2J cynj 



■ n 



K 



e'j- 1 + e £ jz\u e + ■■■ + e*r V" 1 + 



eS = EeS-i^(A) = EeSr_i(E E 

j=l j=0 \v=l k x +-+k v =j 

Using the last two lemmas, we deduce that for any k±, . . . , k v 1 with k\ + • • • + k v the 
sum of which k\ + • • • + k v equals j, we have the majoration: 

A lr-- A l ^+ k 1 ---k l/ \»Qi 1 ---ei [Lemma[57] 

<gj+ (h---k u ) 2 X v [LemmaEJ 



Since there are < 2 j terms in the sum X^=i fe i ~i — H fc y=J ? we receive the useful 

&i , . . . jA;^ ^i 

majoration: 



^(A) = E E 



^=1 felH lkv=j 

fcj,...,fel/>l 



In conclusion, starting from Lemma [531 and using Lemma [531 we may lastly perform the 
following (not optimal) majoration: 



e$ = e^" 1 + et\sf (A) + e£^(A) + . . . + e^E^A) + • 
<gj+ e^ 1 + 2 1 i 2 a 1 [n,] + [efV + u 2 ] 

+ ■■■ + e$ 2 j j 2j x j e \u, +-+4] 

+ ■■■ + e e ~ l 2 J j 2J x J [e e j-_\ Ue + ••• + «/] 
2 1 i 2 a 1 [e^- 1 + efc 1 ^] + 2 2 2 4 a 2 [efc 1 ^ + e^ 2 ] 

+ • • • + 2 j j 2j x j [e e j-_\u £ + ■■■ + 0^)4] 



+ • • • + 2 J J 2J X J [Qj-_\u e + ■ ■ ■ + uf 



J ■ 2 J ■ J 



J 7 2J 



A" 



L j + L J _ 1 U£ + L j_ 2 % + ' ' ' + W ^ + ^ 



where the introduction of supplementary terms in the brackets aims at producing a uniform 
right-hand side. □ 

5.3. Proof of Theorem 15. 11 The vanishing of the d° -coefficient comes from the fact that 
after reduction to the ground level £ = 0, one gets a sum of homogeneous monomials of 
the form hJc^c^ 2 ■ ■ ■ c^ n with I + X\ + 2X2 + • • • + nX n = n, and then after expressing 
each Cfc in terms of d through ([8]), one always has the power h n = d of h in factor. 

Notice that the integer J of the Proposition 15.11 will always be less than or equal to 



dim X n . 



n 



n + 1. To simplify the computations and to receive at the end as 
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simple majorants as possible, we shall apply the following elementary majoration, using 

J < n 2 — n + 1: 

J ■ 2 J ■ J 2J ■ 2 nJ = 2^ n+1 ^ J ■ J 2J+1 

< S 2" 3+1 in 2 - n +l) 2n2 - 2n+3 
^2 n \n 2 f n \ 

because 2 (n 2 - n + l) 2 « 2 -2n+3 ^ 2 ( n 2)2n 2 -2«+3 ^ ( n 2)2n 2 for any n ^ 2 (an assump . 
tion of Theorem 15 .II ). Let us temporarily denote this bound by: 

N := 2 n " n 4n \ 

As expected, we can now perform a uniform upper majoration of an arbitrary monomial 
u^ 1 • • • u l ™ with ii + ■ ■ ■ + i n = n 2 down to level I = as follows: 

< x + n • < • • • <r 2 X-i [e- " 2 n+ i + 

+ • • • + e^ 2 <"_"" + Un-i n+1 ] [Proposition [53] 

i\ I ?i [on— 2 i-n-i , 

<X+ ' 1 U n-2 L e 4 „-„+l W n-l + ■ ' ■ 



i pn-2 J t„-i+t n -n+ll 

' ^i n -!+i n -2n+2 "-i f ' u n-l J 

< ^ M . 7/ 1 . . . »i* n-2 \p n - 2 ,pn-2 n 

i i in-l+in— n+li 

< , |\| • . . . ,>- 2 [p"-2 i p"-2 pn-2 
^3J+ 1X1 "1 u n-2 l>i„_i+?:„-2?i+2 ' W„_i+?:„-2?i+l W 

+ -" + e r- 2 1+i „-2„+2] [LemmaO 
^+ N n 2 ■ ul 1 ■ ■ ■ <"_- 2 2 e^-_ 2 l+ . n _ 2 „ +2 [LemmaES 

<H+ ( N " 2 ) 2 ' "l 1 ■ ■ • U n-3 e " n ~ 3 2 +in-i+in-3n+3 [induction] 

(N n 2 ) 3 ■ < • • • <"T 4 4 er- 4 3+4 „_ 2+ ,„_ 1+l „_4„+4 [induction]. 
In the third line, we exhibit the general case where i n ~\ can be < n — 1, we underline the 
terms vanishing for degree-form reasons and we point out the fiber-integration of u™z\', 
when i n -\ ^ n — 1, the underlined terms are absent. In the sixth line, we majorate plainly 
by n 2 the number of terms inside the brackets. (Recall that here by convention again, 
C j = if either J < or J > dim Xg, so that some of the written Gj might well vanish, 
depending on i±, . . . , i n .) A now clear induction down to level t = 1 therefore yields: 

"l* ' ' ' u n-l u *n ^3?+ (N ' "l* ^i 2 H M„-(n-l)n+n-l 

. n-2 



+ e°<^ ; + • ■ • + u^- 1 ] 

It only remains to majorate C^. This last reduction using only (|8T ) without any Xjj—^, let 
us denote by 3?^ the upper reduction operator restricted to level £ = 0. 

Lemma 5.9. The n x n Jacobi-Trudy determinant Cq enjoys the majoration: 

e° n ^+ 2 n2+2n n\n n [d n+l + d n + --- + d]. 
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Proof. The number of monomials in the universal n x n determinant \a\ | is ^ n! (and is 
< n\ when some a\ are zero). Hence: 

e° n\ max c Xl c X2 ■ ■ ■ c Xn . 

d Ai+2A2H \-n\ n =n 

The general binomial coefficient ( n ^ 2 ) which appears in © is less than or equal to 2 n+2 , 
so that: 

Cj ^+ 2 n+2 W [cP + ■ ■ ■ + d + 1] . 
We majorate as follows the products of these basic polynomials in d: 

[d^ + --- + d+l][d^ + --- + d+l] SC X + jij 2 [d n+j2 + --- + d+l], 

and we therefore deduce a majorant for the general homogeneous degree n monomial in 
the ground Chern classes: 

c Ai c A 2 . . . C A„ < ^2 n + 2 ) Xl+X2+ "' +Xn \ x i2 X ' 2 ■ ■ ■ n Xn ^ A i+ 2A 2+-+wA n 

12 71 ^^vf ^ ' 

• [d Xl+2X *+- +nX " + ■ ■ ■ + d + 1] 
^+ (2"+ 2 ) n n Al+A2+ - +A " h n [d n + • • • + d + 1] 

2 n2+2n n n d[d n + --- + d+l] 
which completes the proof. □ 
Applying this lemma to the last obtained inequality: 



1 1 



^+ (Nn 2 ) 11 - 1 2 n2+2n n\ n n ■ [d n+l + d n + • • • + 1], 



we then obtain the announced bound n 4n 2 n as follows: 

|coeff dfc [ni 1 ■■•<*] | < (2 n3 n 4 ™ 2 n 2 )"" 1 2 n ' +2n n\ n n 

< 2 n4_n3 + n2 + 2n n 4n 3 -4n 2 +2n-2 

^ n 4n3 2 n4 . 

By an inspection of the final inequalities which enabled us to descend from the top of 
Demailly's tower to its ground level, one easily convinces oneself that the monomials 
h l u Z i ■ ■ ■ u l ™ and cih l u^ ■ ■ ■ u 3 n satisfy exactly the same upper bound reduction: 

ft'uj 1 ■ ■ ■ vft (N n 2 )"" 1 C° and 

dh 1 ^ 1 ■■■ui" ^+ (iVn 2 ) n_1 e°, 

since the forms h l and c\h l do intervene only at the very end of the process. This com- 
pletes the proof of Theorem 15.11 At the same time, the proof of Theorem 11.11 can be 
considered as complete, as soon as we take for granted Theorem 11.21 as was already ex- 
plained at the end of Section |4] □ 

6. Effective bounds in dimensions 2, 3 and 4 
through the invariant theory approach 

The goal of this section is to obtain the effective bound deg X A ^ 3203 of Theorem ll.2l 
in dimension n = 4 which insures strong algebraic degeneracy of entire curves inside a 
generic projective four-fold X 4 C P 5 . As was said in the Introduction, our reasonings will 
be based on a complete knowledge ( lfl4T ) of the full algebra ® m>0 E4 !Tn T^ 4 xo of germs 
of invariant 4-jet differentials at a point xq € X A , which, unfortunately, is still unavailable 
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at present times for jets of order k ^ n in the higher dimensions n = 5,6,7,... (remind 
that by Theorem 1.1 in 071 and by Theorem 1 in 0, H°(X n , E k>m T% n ) = whenever 
k ^ n — 1). The so obtained bound deg X 4 ^ 3203 happens to be sharper than the one 
degX 4 ^ 6527 that one would obtain using the intersection product (fTTT) . For complete- 
ness and in parallel, we also recall what happens in the lower dimensions 2 (|U|5l) and 3 

(us ED. 

6.1. Algebras of bi-invariant fc-jet differentials. Let (x±, . . . , x n ) be local coordinates 
centered at some point xq € X and let / = (/i, . . . , /„) : (C, 0) — >■ (X, xq) be a germ of 
holomorphic curve. For each fixed Z-th jet level (1 ^ I ^ k) over xq, the constant matrices 

v = ( v i)ufi<n m GL n (C) act in a natural way on the n jet coordinates (/} , . . . , fn) 
simply by: 

In order to know what is the precise decomposition of Gr'(E] cm T^) as a direct sum of 
Schur bundles r^ 1 '""'^!^, the classical representation theory of GL n (C) tells us that 
one should look at jet polynomials Q(f , f", . . . , fV°') that are not only invariant under 
reparametrization in the sense of Definition 12.11 but also invariant under the action of the 
full unipotent subroup U„(C) C GL n (C) consisting of matrices with 1 on the diagonal, 
above the diagonal, and arbitrary complex number below the diagonal; background 
information may be found in lU[T6l[l7j[l4l. Accordingly, one may define the algebra of 
bi-invariant fc-jet polynomials in dimension n: 

/^tx \U n (C) 

UE^:=(0% m ri Vo ) . 

This algebra does not depend on the base point xq G X. We shall employ the abbreviations 
f (a)AP) _ f (a) f W) determinants, and similarly AH' ( ?' (7) for the 

analogous 3x3 determinants. The upper indices of all the appearing 16 bi-invariants /{, 
A 3 , A 5 , A 7 , D 6 , D 8 , N 10 , W 10 , M 8 , E 10 , L 12 , Q 14 , i? 15 , U 17 , V 19 and X 21 below just 
denote their weighted degree m. 

Theorem 6.1. The following three algebraic descriptions hold. 

• B In dimension 2, one has: UE| = C[/{, A 3 ], where A 3 := A{' 2 = fif^-fif" 
is the two-dimensional Wronskian. 

• Ifl6l In dimension 3, one has: 

UE 3 = C[/(, A 3 , A 5 , D 6 ] , 

where A := A{ 2 f 1 — 3 A-^/i and where D := A^'g is the three-dimensional 
Wronskian. 

• 11141 In dimension 4, one has: 

UE 4 =C[f[, A 3 , A 5 , A 7 , D\ D 8 , N 10 , W 10 , M 8 , E 10 , L 12 , 

Q 14 , R 15 , U 17 , V 19 , X 21 ] j a certain ideal of 41 relations, 

where: 

A 7 = A{ f2 f{f{ + A^ fif[ - 10 A{ 2 f[f» + 15 A{ >2 ft ft, 

g / /// //// ^ / // //// 

D = ^1, 2,3 / 1 — 3 A{ 2 ' 3 f x , 



1 n I ill nil , , ill nil , ill ill , ... I II ill ., ,, 

N 10 = A{ i2>h /;./•; 3A l2 ; ;i /i/i / + 4A 1 ' 2 ; 3 f' x f{' + 3A 1 ' 2 ; 3 /f/f, 
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/ // /// //// 
^1,2,3,4 

remaining bi-invariants defined by: 



/ it iii 1 1 1 1 

where W = A-^'q 4 is the four-dimensional Wronskian and where the eight 



71,7-8 -5A 5 A 5 +3A 3 A 7 ipW -6 A 5 D 6 +3A 3 D s r 12 — A 7 D 6 +5 A 3 A rl ° 

ivi . — 77-77 -& . — 77 , J-i ■ — ji , 

JlJl Jl Jl 

n 14 A 7 £> 8 -10A 5 A rl ° r>15 D S D 8 -12D 6 N 10 17 4D 8 g 10 +3A 3 ,B 15 

\eg . — j/ 5 JX — ji , U — ^/ . 

T/ 19 ._ 8N 10 E la +A 5 R 15 Y 2l ._ 4 J> 8 Q 14 -5 A 7 fl 15 

V .— Jl , VV .— Jl 

Jl Jl 

happen all to be true polynomials in C [/{,... , f±~\, and where an explicit Grob- 
ner basis, with respect to the pure lexicographic term-order f[ < A 3 < • • • < 
X 21 ,for the ideal of relations that they share, is provided in §11 of H14L 

For instance, the first three relations among the 41 written just before the theorem of § 1 1 
in OH are: 

= -5 A 5 A 5 + 3 A 3 A 7 - f[f[M 8 , 



2 



= -2 A 5 L> 6 + A 3 D 8 - \f[ E 10 , 

|_ A 7 jD 6 + 5A 3 Ar io _fi L u 

Although the complexity of the algebra of bi-invariants increases dramatically as soon as 
n ^ 4, one finds in Ifl4l a complete algorithm which generates all bi-invariants together 
with all the relations that they share, this in arbitrary dimension n ^ 1 and for arbitrary 
jet order k ^ 1. 

6.2. Schur bundle decompositions. In dimension 3, there are no relations between the 
four basic bi-invariants /{, A 3 , A 5 and D 6 and we hence clearly have: 

(^,J1»,J U3(Q = Spaiic{(mA s ) 6 (A 6 ) e (2?y: 

a, b, c, d €E N, a + 36 + 5c + 6d = m j . 

Then to any such general monomial (/{) a (A 3 ) fe (A 5 ) c (D 6 ) d having weighted degree m = 
a + 36 + 5c + 6d, the representation theory of GL n (C) tells us that there corresponds the 
Schur bundle: 

p(a+fe+2c+rf, b+c+d, d)rp* 

just because the diagonal 3x3 matrices t = diag(ti, t 2 , £3) act as: t ■ ff^ := ti / 4 , 
whence: 

t-f[ = tif[, t-A 3 = tit 2 A 3 , t • A 5 = titit 2 A 5 , t ■ D 6 = tthh D 6 , 
so that indeed the three exponents of the ti in: 

t • (f[) a {A 3 ) b (A 5 ) c (D 6 ) d = t a + b+2c+d t\ +c+d 4 (f{) a {A 3 ) b (A 5 ) c (D 6 ) d 

indicate the three corresponding integers in r( Al ' A2,A3 ^T^. The same elementary process 
enables one, in dimensions 2 and 4, to immediately deduce from the preceding statement 
the following important decomposition theorem for the graded bundle Gr* Ei- im T xn as- 
sociated to E^ m T x „, which is valuable without assuming that X is projective. 

Theorem 6.2. Let X be a compact complex manifold and let m £ N. 
• El// dim X = 2 then 

Gr'E 2 , m T x = T^ b ^T x . 

a+3b=m 
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^ If dim X = 3 then 
Gr* E3 :Tn Tx = 



r< a + 

a+3b+5c+6d=m 



b+2c+d, b+c+d, 



) T * X . 



EM If dim X 
Gr* E4 j7n Tx - 



4 then 



(a,i),c,d,e,/,9,h,i,j,fc,!,m',n)6M 14 \(n 1 U'-'Un4i) 
o+3a + 5b+7c+6d+8e + 10/+8g + 10/i+12i + 14j + 15fc + 17i + 19m' +21n + 10p = m 



V 



T 



X i 



■ 26 + 3c + d + 2e + 3/ + 2g + 2h + 3i + 4j + 3fc + 3/ + 4m' + 5n - 
a + b + c + d + e + f + 2g + 2h + 2i + 2j + 2k + 3l + 3m' + 3n + p 
d + e + f + h + i+j + 2k + 2l + 2 m' + 2n + p 

v) 

41, o/N 14 9 (a,b, . . . ,l,m' ,n) are explic- 



where the 41 subsets i 
irfy defied in §12 of D3|. 



1,2, 



6.3. Euler-Poincare characteristic of Schur bundles. With X = X n c 



jn+l 



projec- 



tive as before and with Cj = Cj(Tx) for j = 1, . . . , n being the Chern classes of Tx 
as in (H), a general asymptotic formula for the Euler-Poincare characteristic of a Schur 
bundle is given in §13 of lfl4l (see also Theorem 4 in Q), and for n = 4, this formula 
expands as: 



3c 2 c 2 + cj + 2cic 3 



C4 



0! 1! 2! 7! 



1 1 



1 



1 



(21) 



CiC 2 



r 2 
c 2 



ClC 3 + C 4 



0! 1! 3! 6! 



1 1 



3 



+ 



C1C3 - c 4 
0! 2! 3! 5! 



1 


1 


1 


1 


4 








4 


4 








4 


4 


3 



1 


1 










4 


4 



+ 



-C1C3 + eg 

0! 1! 4! 5! 



1 

h 

4 
4 



4 




12 

'4 


4 




5>7 
'4 




1 


1 






u 




4 


4 




4 


4 



+ 



+ 



+ 



1! 2! 3! 4! 



4 ^2 ^3 U 



4 
4 
4 



i 2 
1 2 



^2 l 3 
l 2 l 3 



4 
4 
4 



+ 0(\£f). 



Of course, similar expanded 
and 3, cf. again §13 of HH- 



though shorter — formulae exist also in dimensions 2 



6.4. Riemann-Roch computations. Recalling that the n-th power h n = d of the hyper- 
plane class h = ci (Gpn+i (1)) equals degX, the formulae © entail that any monomial 

c i lc 2 2 ' ' ' c n n whose weighted homogeneous degree Ai + 2A 2 + • • • + n\ n equals n is a 
polynomial in Z[d], as are cf, cfc 2 , c 2 c 2 , C1C3 and C4 above when n = 4. Basic additivity, 
e.g. in dimension 3: 

X (Z, £ 3 , m Tl) = X (X, Gr'E 3 , m T x ) = £ X (*, T^ a+b+2c+d ' b+c+d > '^T* x ) 

a+3b+5c+6d=m 

enables one to deduce, by plain numerical summation and with some electronic assistance, 
the following three Euler-Poincare characteristics, depending upon m and d only. We 
notice that the summation of the three attached remainders, e.g. of 0(|^| 9 ) in dimension 
4, only contributes up to a lower power of m, e.g. up to an 0(m 15 ) in dimension 4. 
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Theorem 6.3. Let X C P n+1 be a smooth hypersurface of degree d. 
• H Forn = 2: 

4 

X {X, E 2 , m T x ) = — d {Ad 2 - 68d + 154) + 0(m 3 ). 



Q 

m 



• IT61 For n = 3: 

X (X, E 3>m T x ) = 8164 '^ x — 6 d (389d 3 - 2073M 2 + 18555M - 358873) 

+ 0(m s 

• HH For n = 4: 



1313317832303894333210335641600000000000000 



- 6170606622505955255988786 d 3 - 

- 928886901354141153880624704 d+ 
+ 141170475250247662147363941 d 2 + 
+ 1624908955061039283976041114) 

+ 0(m 15 ). 



6.5. The strategy of controlling the even cohomology dimensions. Remember from 
Theorem 12.21 that the first step towards the algebraic degeneracy of entire curves /: C — > 
X consists in proving the existence of nonzero global sections in H° (X, Ek^ m T x <g> A" 1 ) , 
for some ample line bundle A — > X, e.g. A = Ox(l), and when A does not depend on m, 
the asymptotic cohomologies, as m — > oo, of the two bundles Ek >m T x and E^ m T x (S>yl -1 
coincide. So a quite natural strategy, followed by the third-named author in ifTTl . consists 
to rewrite the characteristic, say in dimension four: x = h G — h l + h 2 — h A under the 
form: 

h° = x + h 1 - h 2 + h 3 - h A 
>X ~h 2 -h\ 
and to control asymptotically the dimensions h 2 , l m of all the even cohomology groups 
H 2t (X, Ek^ m T x ® A -1 ) by some vanishing theorem or by some appropriate inequalities 
which would then show that these h 2 . t m grow less rapidly than the characteristic Xk,m as 
m tends to oo. In dimensions 2 and 4, the controls of the top even cohomology dimensions 
h 2 and h A wee obtained thanks to a vanishing theorem due to Demailly which generalized 
a theorem of Bogomolov. 

Theorem 6.4 (EJ). Let X be a projective algebraic manifold of dimension n ^ 2 and 
let L be a holomorphic line bundle over X. Assume that K x is big and nef and let 
fi = (/ii, . . . , p n ) € Z n be a weight with p,\ ^ • • • ^ fi n . If either L is pseudo-effective 
and \p\ = fj,i + • • • + p n > 0, or L is big and ^ 0, then: 

H°(X, r^'-'^Tx <8> L*) = 0. 

Recall that if some /ij is negative, we may use the identity: 

ptClr-^n)^ — p(/*l+2, — )A*"+0y*. K x ^ 

For instance in dimension 4, we observe that the above vanishing theorem implies that 

h A (X, E^ m T* x ® A' 1 ) = 0, 
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for all m sufficiently large; indeed, Serre duality and a division by a tensor power of Kx 
gives: 

h 4 (x, r (Xl ' X2 ' Xa ' X4) T x ® A~ r ) = h°(x, r( Ai ' A2 ' A 3> A 4)r x ®a® k x ) 
= h°(x, r^-^-^-^-^Tx ® Kx 1 "" ® 0(A)). 

But i^x 1 " -1 <8> ^4 _1 is big for z> large enough and then the above theorem applies to provide 
the vanishing of h A as soon as: 

|A| -Av ^ 0, 

which is satisfied for m large enough since one easily convinces oneself that |A| ^ ^ in 
the dimension 4 case of Theorem l6.2l 

However, it has been discovered by the third-named author fT71 that already in di- 
mension three, H 2 (X, E%^ m T x ) ^ does not vanish in general. Fortunately, a suitable 
majoration holds. 

Theorem 6.5 ( IfTTl ). Let X be a smooth hypersurface of degree d in P . Then for | A| large 
enough: 

h 2 (X,T {Xl ' X2 ' X3) T x ) 

<; d{d + 13) 3(Ai + A 2 + A 3 ) 3 (Ai _ As)(Ai _ A3)(A2 _ As) + 0(|A|5) _ 

In dimension 4 the same proof provides the new estimate: 

Theorem 6.6. Let X be a smooth hypersurface of degree d in P 5 . Then for |A| large 
enough, we have: 

ft 2 [X p^ 1 '^ 2 '^ 3 '^ 4 )^ 1 ^-) 

< i- d(Ai - A 2 )(Ax - A 3 )(Ai - A 4 )(A 2 - A 3 )(A 2 - A 4 )(A 3 - A 4 ) 

oil 

• (Ai + A 2 + A 3 + A 4 ) 2 [5A 2 Aid 2 + 132A 2 Aid + 132AiA 3 d + 5A 2 A 3 d 2 

+ 132A 2 A 4 <i + 5A 2 d 2 A 4 + 132AiA 4 d + 5A 3 A 4 d 2 + 5A 4 A 3 <i 2 

+ 132A 3 A 4 d + 132A 2 A 3 <i + 1308A 2 Ai + 648A 2 : + 648A^ 

+ 72A 2 d + 648A 2 + 72A 2 d + 1308AiA 4 + 5A 4 (i 2 A 4 + 1308A 2 A 4 

+ 1308A 2 A 3 + 648A;; + 72Afd + 1308AiA 3 + 12\\d + 1308A 3 A 4 ] 

+ 0(|A| 9 ). 

Proof. We follow IfTTl pp. 335-36, summarizing the main arguments for the convenience 
of the reader. The proof is essentially, again, an application of holomorphic Morse in- 
equalities and the reader will notice strong similarities with the arguments presented in 
section [2 

Let Y := Fl(T* x ) be the flag manifold of T* x and let vr: Fl(T* x ) ->• X the natural 
projection. Let A = (Ai, A 2 , A3, A4) be a weight and L x the line bundle on Y associated 
to T X T X such that T X T X = 7r*(£ A ). By a theorem of Bott, these bundles have the same 
cohomology (cf. IfTTl p. 327) and therefore we are reduced to control the cohomology of 
a line bundle. To this aim, we write: 

L x = (L x ® ^*0x(3 |A|)) ® (tt*0 x (3 lA)))" 1 =F® G~\ 

withF := £ A <g)7r*Ox(3|A|) and G := vr*0 x (3 |A|). We observe that L x ® vr*0 x (3 |A|) 
is positive because T x ® Ox (2) is semi-positive ( IfTTl ). 
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Recall also (H3) that we can write K Y = (£ <T )~ 1 <8> k*K\ where a = (7, 5, 3, 1), so: 

F <g) Ky l = £ A+CT ® vr*0 x (3 |A|) <g> vr*i^ 5 . 

Then we still have the positivity F ® Ky 1 > for |A| large enough, because similarly as 
above, the line bundle: 

L x+a ®it*O x {2\\ + <?\) 
is semi-positive as soon as |A| > 5(d — 6) + 32. 

Now, we take a smooth irreducible divisor D\ in the linear series |C| of the form 7r* (E\) 
for some divisor in X. On Y, we have the exact sequence: 

Q^O Y {F®G~ 1 ) -^Oy(F) — >0 Dl (F) — ►(), 

and therefore in the associated long exact cohomology sequence: 

= H l (Y,0 Y (F)) Ox^F)) -^F i+1 (y,Or(F®G _1 )) 

-^H i+1 (Y,0 Y (F)) =0, 

both the first and last terms vanish for any i > by an application of the Kodaira vanishing 
theorem. We at once deduce: 

h^Du Dl (F)) =h i+1 (Y,0 Y (F®G~ 1 )). 

Next, we take a second divisor D 2 G |G| intersecting properly D\ and of the form 7r*(£ , 2) 
too. Using the adjunction formula and applying a similar restriction to D3 := Di fl D% 
(word by word, the arguments are exactly the same as in ifTTl . pp. 335-336, so we do not 
repeat the complete proof), we obtain: 

h 2 {Y,0 Y (F®G- 1 )) = h l {D u Q Dl {F)) < h°(D 3 , D3 (F®G 2 )) = X {D 3 , D3 (F®G 2 )). 

Letting E3 := E\ n E2, one then shows ( IfTTl . p. 336) that the latter Euler-Poincare 
characteristic equals the following linear combination of characteristics on the base X: 

X (D 3 , Ds (F®G 2 )) = X {E S , r^' x ^TZ\ Es ®0 E3 (9\\\)) 
= X {X, r A T^0O x (9|A|)) -2 X {X, r A T^0 O x (6|A|)) + X (X, r A Tj <£> Ox(3|A|)) . 

So the h 2 we want to majorate is less than or equal to this last line. But then by apply- 
ing a general complete combinatorial formula due to Briickmann (Theorem 4 in Q) for 
the characteristic x{ x , rA T£ ® O x (t)) of any twisted Schur bundle over X, we may 
terminate the proof either by hand or with the help of a computer. □ 

From such controls of higher cohomology groups, we deduce the existence of global 
algebraic differential equations canalizing all entire holomorphic maps: to obtain minora- 
tions of h° ^ x ~ h 2 , it suffices indeed as already explained to perform summations, ac- 
cording to the representations of Theorem l6.2l of the asymptotic Euler characteristics (f2TT) . 
subtracting at the same time the majorant of h 2 just obtained. At first, we recall here what 
is known in dimensions 2 and 3. The twisting (•) g) A^ 1 by the negative of a fixed ample 
line bundle A — >■ X is erased in the asymptotics. 

Theorem 6.7. Let X C P n+1 be a smooth hypersurface of degree d and let A be any 
ample line bundle over X. 

• El For n = 2: 

4 

h°(X, E 2 , m T* x <8) A' 1 ) >^d (Ad 2 - 68d + 154) + 0(m 3 ); 
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• In] Forn = 3: 

9 

h° ( X, E 3 m Tx <g> A' 1 ) ^ — d - ( 1945 d 3 - 103695 d 2 

V , d,m x w ; / 408240000000 V 

- 7075491 d - 105837083) + 0(m 8 ). 

7n particular, if d ^ 15 (rasp, d ^ 97) E 2 ^ m T^ ® A^ 1 (resp. E 3tm T^ <g> A' 1 ) 
admits non trivial sections for m large, and every entire curve f : C — > X must satisfy the 
corresponding algebraic differential equations. 

In dimension 4, we may therefore present the following new result. 

Theorem 6.8. Let X be a smooth hypersurface of degree d in IP 5 and let A be any ample 
line bundle over X. Then: 

h°(X,E 4im TZ® A- 1 ) 

^ 1313317832303894333210335641600000000000000 ' 
• [ - 867659678949860838548185438614 

- 93488069360760785094059379216 d 

- 1369327265177339103292331439 d 2 

- 6170606622505955255988786 d 3 
+ 50048511135797034256235 d 4 ] 

+ 0(m 15 ). 

In particular, if d ^ 259 then E^ m T^ ® A^ 1 admits non trivial sections for m large, 
and every entire curve f : C — >■ X must satisfy the corresponding algebraic differential 
equations. 

6.6. Algebraic degeneracy. Similarly as in Theorem 12.41 but say in dimension 4 to fix 
ideas (for the dimension 3, see HU, pp. 381-383), one tensors the invariant jet bundle 
Ek,mTx by A~ x := K^ Sm , one uses the standard formula: 

p(^i,^2,A3,A4)/p* j£ — Sm p(Ai— Sm,\2— 6m,\3— 8m,A±— Sm) rp* 

in order to reapply the Schur bundle decomposition of Theorem 16.21 one redoes all the 
computations of Theorem 16.61 and of Theorem 16. 8[ and one gets in this way a new mino- 
rant: 

h° (X, E 4>m T* x <g> Kx Sm ) > a(d, 5) • m 16 + O (m 15 ) , 
for a certain complicated polynomial a(d, 5) € Q[d, 5] which we find now superfluous 
to write down explicitly, and which of course regives for 5 = the minorant of Theo- 
rem 16.81 Remind now that according to Theorem 12.51 in dimension 4, the maximal pole 
order of a meromorphic frame on the space of vertical 4-jets of the universal hypersurface 
parametrizing all degree d hypersurfaces of P 5 is equal to 4 2 + 2 • 4 = 24. Then follow- 
ing line by line the arguments of the proof of Theorem 13.11 in order to be able to apply 
sufficiently many meromorphic derivations Lyy 1 ■ ■ ■ Lyv p with p ^ m to a given nonzero 
jet differential so as to deduce — reasoning again by contradiction as in Section [3] — 
algebraic degeneracy of entire curves, one has to insure: that d > ^ + 6, as is required 
by (fT2l for the general dimension n; and simultaneously also: that a(d, 5) > for all 
d ^ g?4 larger than a certain effective d^ € N. But quite similarly as in the dimension 3 
case, these two constraints happen to be compatible, and thanks to effective computations 
executed independently on two digital computers by the second and by the third named 
author using different codes, one verifies in dimension 4 that d<± = 3203 works (with 
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6 = ^p), and this is how, after so many rational calculations, one gains the new effective 
lower bound deg X ^ 3203 of Theorem ll.2l □ 

7. Effective algebraic degeneracy in dimensions 5 and 6 

Finally, for dimensions 5 and 6, we simply carry out the same strategy as in the 
general case, but with a choice of weight different from a* introduced in Subsec- 
tion 14.41 Our choice specific for these two dimensions are a = (54, 18, 6, 2, 1) and 
a = (162,54,18,6,2,1), that is to say: the minimal choice in order to have relative 
nefness of the weighted (anti)tautological line bundle Ox„(a), n = 5, 6 (cf. lH|6l); also, 
we choose 5 = gz|~| an d 8 = ffg~| ■ The bound is then obtained thanks to computer cal- 
culations with GP/PARI, (cf. (6l for the code). The same method, in dimension 4 (resp. 3), 
would have produced degX ^ 6527 (resp. ^ 1019), less sharp than degX ^ 3203 
(resp. ^ 593). 

In dimension n = 5, here are the corresponding two polynomials P a (d) and P' a (d) the 
length of which confirms the incompressible complexity of the reduction process: 



6 



Ps4,i8,6,2,i(d) = 82970555252684668951323755447424 d! 

- 69092357692382960198316008279615424 d 5 



(22) 



and: 



(23) 



2161144497516080476955607837671278699584 d 3 - 



23736461779038166246115958304551871056384 d. 



P'54,is,6,2,i(d) = -81064936492382180549906181650347200 d 6 



- 1138360224016877254137407566642735778400 d 4 - 
- 2649407942988198539201176162753240634400 d 3 + 
+ 70399558265933283202949942118101580280800 d 2 + 
+ 90355953106499854530169310985578945008800 d. 

We believe that the sequence of weig hts a = (2 • 3 n ~ 2 , . . . , 6, 2, 1) instead of a* should 
work in any dimension, and that it should provide better effective estimates in all dimen- 
sions, though we suspect the bound should remain exponential. To conclude, we collect 
our three effective estimates in a comparative table 



dimX 


Theorem O 


Theorem O 


3 


593 


2 35 


4 


3203 


2 45 


5 


35355 


2 5 5 


6 


172925 


2 65 
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